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Abstract 

We develop a fundamental framework for and extend the theory of 
rough paths to Lipschitz-7 manifolds. 



1 Introduction 

The theory of rough paths is an extension of classical Newtonian calculus aimed 
at allowing models for the interaction of highly oscillatory and potentially non- 
difFerentiable systems. These models take the form of differential equations 
driven by rough paths. 

An example might be that one seeks the trajectory 

N 



dyt = f iyt) dx\ 



where Xt = [xl)^_^is a highly oscillatory path. The thrust of the theory is that 
one can indeed identify a family of paths (known as rough paths) for which 
such equations make good sense and which generalise the classical notion of a 
differentiable path to a sufficient extent that it allows Xt to be chosen randomly. 
Rough paths are rich enough to include many stochastic processes that are 
nowhere differentiable (being a bit more technical semimartingale paths almost 
surely extend to rough paths, but there are many other examples). 

The theory introduced in Lyons [12], [13], [11] has, building strongly on 
ideas of Chen [2], [3], Magnus [M], Fliess [6] as well as analytic estimates of 
Young [TB], produced a robust class of objects known as p -rough paths. An 
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introduction to the basic theorems can be found in Lyons, Caruana, Levy [TU] 
and a recent comprehensive account in the finite dimensional case can be found 
in Priz, Victoir [7]. 

However, the theory to date does not properly identify the fully geometric 
framework of rough paths evolving on manifolds - even though many of the 
important controlled differential equations are of the type 



and occur in a geometric context (e.g. parallel translation and development). 
One of the breakthroughs in probability on differential manifolds was the de- 
scription of Brownian motion as a projection of the solution to a globally defined 
differential equation on the orthogonal frame bundle of the kind ([1]) , see Elwor- 



The roughness of a path X is controlled by a real number p £ [l,oo). 1 
-rough paths correspond to paths of bounded variation. Semimartingale paths 
are almost surely p -rough paths for all p > 2. It is well known (see e.g. Lyons 
[H]) that if X is a p -rough path on a Banach space V and / is a Lip-(p -|- e) 
function defined around the trajectory of X and taking values in a Banach 
space W, then / (X) is a p— rough path on W. Some readers may wonder what 
it means for a function to be Lip-p for p > 1, as the naive definition would lead 
one to the view that such functions are always constant. The theory of rough 
paths relies on a definition introduced in Stein |15| , where the author also proves 
the appropriate Whitney extension theorem. 

A crucial feature of rough path theory is that it relies on uniform (as opposed 
to asymptotic) estimates. It is these estimates that allow much of the theory 
to be moved to the infinite dimensional Banach context. To make a sound 
geometric framework for discussing rough paths on manifolds we introduce the 
class of Lipschitz-7 manifolds with constant L. Our definition is distinctive - 
because it contains some global rigidity. A single smooth non-compact manifold 
can admit different Lip-7 atlases and different classes of Lip-7 functions and one 
does not expect maximal atlases. 

Given a Lipschitz manifold M, it is immediate that one can place a norm on 
the space of currents on M. It is straightforward to develop a theory of rough 
paths in the space of one-currents using the results of Lyons [TT] in a routine 
way. However, in general such objects have no natural locality. They are of 
interest in their own right, for example there are rough current based systems 
that cannot be detected locally although their effect can be felt globally. 

If a is a Lip(p — 1 -I- e) smooth one form on a Banach space V and X is 
a based p— rough path on V, then classical theory shows us that there is no 
difficulty in integrating a against the path for any t. This produces, in a natural 
way, a map 



Jo 

The map corresponds to a current valued path, which with further study can 
be interpreted as a p— rough path in the currents. 



dyt = f{yt)dxt 



(1) 



thy [5]. 
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This paper considers objects on a Lip-7 manifold M which have a formal 
integral against vector valued one forms yielding rough paths as their integrals. 
The challenge in the paper is to identify axiomatic conditions that pick from 
the general class of current valued rough paths (or even more generally objects 
that integrate one forms) the ones that localise to p -rough paths on M and it 
turns out that doing this precisely is a little delicate. 

We also establish existence for the solution of differential equations on Lip- 
schitz manifolds driven by rough paths. We characterise the differential equa- 
tions in terms of generalised connections. It is clear from general results that 
(although we do not explore it in the current paper) the solution process, which 
we call the Ito map, is uniformly continuous in appropriate contexts. 

2 Background: Rough Paths on Banach spaces 

In this section we give a brief overview of some of the core results of the theory of 
rough paths on Banach spaces as it was developed in Lyons [TT] . To distinguish 
them from our new definitions on the manifold we will where necessary to avoid 
confusion refer to rough paths on Banach spaces as Banach space valued or 
"classical" rough paths. We focus on those results that are particularly relevant 
to the development of the theory on manifolds in the following sections. For a 
detailed introduction to rough paths on Banach spaces and proofs of the results 
in this section see Lyons, Caruana, Levy [TU]. Let V be a Banach space and 
T {{¥)) be the space of formal series of tensors of V. Then T {{V)) is a real non- 
commutative unital algebra. We may consider the quotient T^") {V) of T {{V)) 
by the ideal 0^„_|_i V®^ and identify it with the space 

n 

T^") (V) = ^V®\ 

i=0 

Let ll'll be the norm on V and let T^®* be equipped with the projective ten- 
sor norm also denoted by ||-||. We refer to [TU] for the requirements a gen- 
eral tensor norm has to satisfy to be compatible. In the following let At = 
{{s,t) & [0,T] : s <t}. 

Definition 2.1 Let n > 1 be an integer and X,. : At ~> T(")(y) a continuous 
map. Then X is a multiplicative functional of degree p if for all {s,t) G At we 
have X'^ f — 1 and 

Xs^u ® Xu,t = Xs^t for alio < s <u <t <T. 

Multiplicative functionals of degree n are fully characterised by specifying 

x,,t = {i,xl„xl„...,x^^,) eT^^Uv), 

for all (s,t) S At. We will refer to X} ^ in the following also as level one or 
the trace of a multiplicative functional or rough path. Particularly important 
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examples of multiplicative functionals are the lifts of continuous bounded vari- 
ations paths by the signature map. Let (j) £ Cbv{[0,T],V); s,t € At- We define 
the signature Ss,t ■ Cbvi[0,T], R'') T{{V)) by the relation 

Ss.t{(f>) = XI / '^'^(^i) d<l){tk). 

Chen's theorem tells us that the signature and its truncations at level n are 
multiplicative, i.e. satisfy forO<s<r<i<T 

Definition 2.2 A control uj is a non-negative continuous function on At that 
is super-additive, i.e. satisfies 

w(s, u) + uj{u, t) < UJ (s,t) , 0<s<u<t<T 

and vanishes on the diagonal. 

Intuitively a control is designed to abstract the important properties of the 
notion of p-variation. In particular, if yt is a continuous path of bounded 
p— variation the pth power of its p— variation 

sup V ||yt.+i - 2/ti||^ 

is a control. 

Definition 2.3 We say a multiplicative functional of degree n has finite p > 1 
variation if 

,, ■ ,, ojfs ty/p 

where 

Remark 2.4 The p rather than the more typical p^ in the definition of (3 is a 
recent innovation due to Hara and Hino JSj/. 

Multiplicative functionals of any degree with finite p— variation are deter- 
mined by their values on T^LpJ) , 

Theorem 2.5 (Extension Theorem) Letp > 1 and X a multiplicative func- 
tional of degree [pj with finite p— variation controlled by some control uj. For 
any m > [pj + 1 the multiplicative functional X has a unique extension to a 
multiplicative functional of degree m that is controlled by uj. 
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In particular the extension theorem imphes that the hft of bounded variation 
paths to a multipUcative functional on T {{V)) is unique. With the extension 
theorem in mind we are ready to introduce the notion of rough paths. 

Definition 2.6 A p- rough path is a multiplicative functional of degree [p] with 
finite p -variation. 

Let ftp {V) denote the space of all rough paths on V. We can define a metric 
on p— rough paths as follows. 

Definition 2.7 We define the p-variation distance on rough paths by 



It can be shown that for any p > I the rough path spaces flp {V) together 
with the p— variation distance dp form complete metric spaces, and we refer 
to the topology induced by dp on flp (V) as the p - variation topology. A 
particularly important class of rough paths are the so called geometric rough 
paths. 

Definition 2.8 The geometric p-rough paths are the closure of the 1-rough paths 
in the p-variation metric. Let Gilp (V) denote the geometric p— rough paths on 



Just as {flp{V),dp) the space {Gil.p{V),dp) is a complete metric space. 
The geometric p— rough paths are the closure of the (lifts of) bounded variation 
paths. Note that by the extension theorem the lift of a bounded variation 
path to a 1 -rough path provided by the signature is unique. It turns out that 
nearly all example of practical relevance are geometric rough paths and for the 
remainder of this paper we will exclusively work with this class of paths. A 
cornerstone of the theory of rough is the development of a rough integral of p 
-rough paths X against sufficiently regular Banach space valued one forms. A 
crucial role is played by Lipschitz functions defined by Stein [15 on subsets of 
a Banach space. 

Definition 2.9 Let V,W be Banach spaces and f : F ^ W a function from 
a Borel set F C V to W. Let 7 > and k be the unique integer such that 
€ {k,k + l]. For j ^0,...,k let f^ : F ^ L{V®^ , W). The collection (P) is 
in Lip-^(F, W ) if there is a constant L such that 



and there exist functions Rj : V x V ^ L{V^^ , W) such that for all x,y (z F, 




V. 



sup \f-'{x)\ < L 



1=0 



5 



and 



\Rj{x,y)\ < L\x - y\ 



The notion of Lip-7 intuitively captures how well a function is approximated 
by polynomials. The multi-linear forms f '-> in Definition l2.9| plav a role analogous 
of derivatives but are in general (for example if F contains isolated points) not 
unique. If F is open the f '-> are uniquely determined by the derivatives of /. 
Stein proves the following important extension theorem \iW ^W'- . 

Theorem 2.10 Let 7 > l,ci and k positive integers and F (ZW^ a closed set. 
Then there exists a hounded linear extension operator 

-.Lip--/ {F, R'') Lip--/ {R'^,R'') . 

Moreover the norm of E^ is independent of the closed set F. 

Note however that the extension operator and its norm does depend on 
7 > 1. It is elementary to show that Lip-7 functions defined on an arbitrary 
Borel set F extend to Lip-7 functions on the closure F without changing the 
Lipschitz constant. 

Lemma 2.11 Let j > 1,V and W be Banach spaces, and F Q V a Borel set. 
Then any f ^Lip-j (i^, R*"') extends to a function f ^Lip-j (F,M.'') such that 



ll/l 



Li'p—^ 



Lip-'y 



Proof. For any two points x^y G F we have 



\Pix){v)- f^y)iv)\ 

k-3 



< 



1=1 



+ \Rj{x,y){v)\ + \Rj{y,x){v)\, 
which implies 

\r{x){v) - f^ (y) {v)\ < ALmax (\x ~y\,\x~ y^-^') 



(3) 



if |a; — ?/| < 1. Given any x Cz F there exists a Cauchy sequence Xn ^ F converg- 
ing to X. By inequality (jS]) for any sequence yn ^ converging to x the sequence 
/ (?/„) is Cauchy and converges to a limit. Moreover this limit is independent of 
the particular sequence ?/„ and we may define f^ {x) to be lim„^oo f^ (xn) ■ It 
is straightforward to check that the thus defined extension is Lipschitz on F. ■ 
Another useful property Lip-7 functions possess is that they are well behaved 
under composition; namely, the composition of two Lip-7 functions remains a 
Lip-7 function and the norm of the composition is easily related to the norm of 
the composed functions. More precisely, we have the following result. 
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Lemma 2.12 Let U, V and W be Banach spaces and E he som,e subset of 
U. Suppose that f : E ^ V and g : V ^ W are Lip-^ for 7 > 1 then the 
composition go f -. E ^ W is Lip-j and moreover 

1 15 o /1 1^.^.^ < C (7) I IffI L,,.^ max (1 I/I 1^,^.^ , 1) , 

where k is unique integer such that 76 {k,k + l] and C (7) does not depend on 
f or g. 

Proof. The chain rule (generahsed to higher derivatives) provides candidates 
for the auxihary functions (30/)* for i = 0,1,..., A;. Defining the remainder 
functions using these candidates and using the fact that / and g are Lip— 7 it is 
straight-forward to verify that g o f is Lip— 7 together with the stated estimate 
on II^o/IIlip-t- ■ 

Lip-7 is not a local property it turns out however under certain conditions 
it can be deduce from uniform local estimates. We proceed in two steps. 

Lemma 2.13 Let 7 > 1, fc 6e the unique integer such that 76 {k,k + 1] and 
suppose U is a convex open subset of a finite dimensional normed vector space. 
Then a Banach space valued function f is Lip-j on U with ||/||ijp_^ < C if 
and only if f has k derivatives bounded by C on U and the k*^ derivative is 
(7 — fc) — Holder with constant at most C, i.e. it satisfies 

\fH^)-fHy)\ 

sup - — ■ < C. 

x,yeu |a; — y| 

Proof. Suppose / is Lip — 7, then it is self-evident from the convexity of U 
and the definition of Lip — 7 that the auxiliary functions f^ are precisely 

the first k derivatives of / and that they are bounded by ||/||Lip.^ ■ The Holder 
continuity follows from this observation too together with the fact that 

\fHy)-fHx)\ < \R,{x,y)\<C\x-yrK 

Conversely, if / has k derivatives bounded by C and the /e"' derivative is 
(7 — fc) — Holder with constant C then a straight-forward application of Tay- 
lor's Theorem together with elementary remainder estimates is sufficient to see 
that / is Lip - 7 with ||/||Lip_-y <C m 

Lemma 2.14 Let S > {) and U be a, convex open subset of a finite dimensional 
normed vector space. Let f he a Banach space valued function on U such that 
f\B(x,S)nu is Lip-'y with constant at most C for all x G U. Then f is Lip-'y on 
U and ||/||^.^_^<max(C,^). 

Proof. Let k be the unique integer such that 7 G {k.k + 1]. First observe that 
the intersection B {x, (5) nl7 is convex [B (x, 5) and U themselves being convex). 
It is immediate from the assumption that f\B{x,S)r\U is Lip — 7 with Lipschitz 
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constant at most C and that / has k derivatives bounded by C on U. It remains 
to check that the fc*'' derivative is Holder 7 — /c,i.e. 



sup 

x,y£U 



< max C, 



\x-y 



\j — k 



The bound is immediate ii y G B {x,d) D U as / is by assumption Lip-7 on 

> S'^~'^, which together with 



y 



y — k 



B {x, S)nU.liy ^ B (x, 6)r\U we have \x 
f'^ being bounded by C imphes the claim. ■ 

The concept of an almost p— rough path plays an important role in the 
definition of the integral of a rough path against sufficiently regular one forms 

Definition 2.15 Let p > I and lo a control over [0,T]. A continuous map 
X : At ^ r(LpJ)(H/) is an almost p~ rough path if it is controlled by lo in the 
sense of IH) and is "almost multiplicative" , i.e. there exists 6 > I such that 



iX,,u®Xu,ty -Xlt <uj{s,t) 



for all < s < u < t < T, i ^ 1, . . . , Ip\. 

A crucial feature of the almost p— rough path that is exploited when defining 
the integral is that there is exactly one p rough path that is "close". More 
precisely we have the following theorem (see Theorem 4.3). 



Theorem 2.16 Let p > 1, 9 > 1 and lu a control. Let X be a p -almost rough 
path controlled by lo. Then there exists a unique p— rough path X such that 



max sup 

i=0,...,LpJ 0<s<t<T 



XI 



X 



s,t 



U!{s,t) 



< QO. 



Let J > p, a — (a", . . . , a*^) a Lip-(7 — 1) one form in the sense of Stein and 
X a geometric p -rough path. The next step in the development is to construct 
(using..) an almost p— rough path Y corresponding to the integral of a against 
X. We refer to see Lyons, Caruana, Levy [10] Section 4.3.1 for the definition of 
Y and the details of the construction. 



Definition 2.17 Let "/ > p, a be a Lip-{^ — 1) one form taking values in some 
Banach space V and X a geometric p -rough path. We define the rough integral 
of a against the path X to be the unique p~ rough path associated to Y and 
denote it by J a (Xt) dX. 

The rough integral is continuous in the p— variation topology and maps ge- 
ometric p— rough paths on W to geometric p— rough paths on V. The following 
theorem may be found in jlOj (Theorem 4.12). 
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Theorem 2.18 With the notation of Definition \2.l7\ the mapping 

X ^ I a {Xt) dX 



is continuous from flGp{W) to flGp{V). Ifui controls X the rough path J a (Xt) dX 
is controlled by Cuj, where C is a constant that only depends on il,P o,nd 

u;(0,T). 

For bounded variation paths the rough integral agrees with the usual Riemann- 
Stieltjes integral. As a consequence many integration identities such as the fun- 
damental theorem of calculus are satisfied by the projection onto level one of 
the rough integral of a geometric rough path. Uniqueness of the lift of bounded 
variation paths together with the continuity are a powerful tool to obtain such 
identities and will frequently be used in the remainder of the paper. 

We note that rough paths and rough integrals defined over an interval posses 
a natural restriction to rough paths over subintervals. In more detail, we have 

Definition 2.19 Let X £ GQp{V) be defined over an interval [0,T] and let 
[s,t] C [0,T] .Then we define the restriction ^|[s.t] : A [s,t] — !■ TLpJ (^y^ l)y 

for {u, v) in A [s, t] . 

Remark 2.20 It follows immediately from this definition that the restriction 
^\[s.t] of OLn element of Gflp {V) is itself a geometric p— rough path over the 
interval [s,t] . 

Definition 2.21 Let X G GQp{V) be defined over the interval [s,t] with a 
starting point x €z V . Then for any Lip-^"/ — 1) one form on V we define the 
rough integral 

J a{X)dX 

to be the geometric p~rough path over [s,t] defined by 

r-V pV — S 

a{X)dX ^ a (Y) dY 

J u J u—s 

where Y S Gflp {V) is defined over [0,t — s] with increments Yu,v = Xs+u,s+v 
and starting point x. 

Let V and W be Banach spaces and X G GQ.p {V). Let g he a. Lip-7 map 
from W ^•L(y, W) . Then g may be interpreted as a one form on V taking 
values in the vector fields on W. If X is a bounded variation path we consider 
the differential equation 

dYt^g{Yt)dXt, Y{Q) = Yo. (4) 
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For p>2 the increments at level one do not determine a rough path. Thus, a 
rough differential equation will be defined for the pair {X, Y) , living on F © W, 
that takes into account the cross integrals between X and F, which do not ap- 
pear in either projection of {X, Y) onto V or W . Let h -.V (BW — >End(F © W) 
be defined by 

'("'^^^(/J+Vo) 1!)' 

If X is a proper geometric rough path the equation Q may be reformulated as 

dZt = h [Zt] dZt, Zo = 0, t:v (Z) = X, (6) 

where Try denotes the projection onto T^LpD^y), define a solution in terms 
of a fixed point of the rough integral. 

Definition 2.22 Let g : W -^L{V, W) be a Lip{-i — 1) function and X e 
Grip {V) . We say Z G GTJp {V © W) solves the rough differential equation 
(RDE) 

dYt^ g{Yt)dXt, y(o) = yo (7) 

if Try (Z) = X and 

Z = j h{Z) dZ, 

where h is defined as in ^ . 

If g is sufficiently regular the rough differential equations ([7]) satisfies a uni- 
versal limit theorem, namely it has a unique solution and the Ito map taking the 
driving signal to the response is continuous in the p— variation topology. The 
following theorem may be found in [10 (Theorem 5.3) 

Theorem 2.23 (Universal Limit Theorem) Let p> 1, 7 > p and 

g : W ^ L {V,W) 

be a Lip 7 function. For all X G Gflp (V) and Yq G V the equation 

dYt = g (Yt) dXt, Y{0) = Yo 

admits a unique solution. The map from GQp {V) x W ^ Gflp (W) that takes 
{X,Yq) to Y is continuous in the p— variation topology. Moreover if X is con- 
trolled by Lo the rough path Y is controlled by Cuj, where C is a constant that 
only depends on \\g\\iip_.y , P, 7 and cu. 

The proof of the theorem proceeds by considering a sequence of Picard iter- 
ations and uses a rescaling of the driving signal Xt together with the division 
property of Lipschitz functions. The constant C in the theorem can be made 
more explicit leading to Gronwall type inequalities, see e.g. Cass, Lyons [I] for 
some new sharp estimates. If g is only Lip- (7 — 1) the equation ([7]) no longer 
has a unique solution, existence however is still guaranteed (see e.g. Davie [3]) • 
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3 Lip-7 manifolds 



We begin by introducing the concept of Lipschitz-7 (or Lip-7 fo^' short) mani- 
folds, based on the notion of Lip-7 functions introduced by Stein for func- 
tions on Banach spaces (see Definition l2.9p . We do not fohow the usual approach 
to introducing a differential structure which typically begins with a pseudo group 
of functions. Instead we assume the existence of a particularly nice Lip-7 ^t- 
las that is amenable to the analysis involved in developing a theory of rough 
paths on a Lip-7 nianifold. We show that any finite dimensional normed vector 
space and any compact C^'^^'^^ manifold are Lip-7 manifolds. The current paper 
does not address some important geometric issues yet. For example, we do not 
develop a notion of submanifolds. The main focus is to establish sufficient con- 
ditions a particular atlas has to satisfy to guarantee the existence of solutions 
of rough differential equations defined by sufficiently regular vector fields. 

Throughout we work with a topological manifold M (Hausdorff, second 
countable and locally homeomorphic to R'', for some d > 0). As usual, a chart 
on M is a pair (</>, [/);[/ is an open subset of M but, in contrast to usual prac- 
tice, the co-orinate map cj) will be defined on globally on M with its restriction 
(j)\u to U being homeomorphic onto an open subset of M'^. We begin by giving 
the definition of a Lip-7 atlas. In the following let for x G M'', u > denote 
B {x,u) the ball of radius u, centred at x taken with respect to some norm ||-|| 
(which is not necessarily the Euclidean norm). Later we will consider product 
manifolds as the Cartesian product and it will then be convenient to specify 
a norm on the coordinate space with certain desirable properties; it is for this 
reason that we do not restrict ourselves to any particular norm at this stage. 

Definition 3.1 A Lipschitz-"f atlas with Lipschitz constant L on M is a count- 
able collection of charts {{(j)i,Ui) : i G 1} with the following properties : 

1. The sets {[/^ : i £ /} form a pre- compact and a locally finite cover for M. 

2. For all charts {(pi, Ui) we have (f>i(Ui) — -B||.||(0, 1) and there exists R> 
such that 

^,(M)CB||.||(0,i?)C (mMHI). 

3. There is a 6 in (0, 1) such that the open sets 

f/,f = 0,|[}M^IMl(O.l-'5)) (8) 

cover M. 

4- The functions cj) : AI are compactly supported and for any pair of 

charts {(f>i,Ui) and {(f)j,Uj) the map (pi ° (j^jl^^^ ■ (pj (Uj) — > (M'*, ||-||) is 

Lip-j with 



< L. 



Lin—'y 
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The following elementary reformulation of the condition 3 in this definition 
will be useful to us at times. 

Lemma 3.2 Condition 3 of Definition COI is equivalent to tfie statement tfiat 
for all m ^ M there exists a chart ((/>, U ) containing m with the property that 

S((/.(x),(5) C0(C/) =.S||.||(0,1) 



Henceforth, we will not make any reference to the norm on the coordinate 
space unless it is specifically relevant to the situation under discussion. 

Remark 3.3 It can be shown (see e.g. Lee (9^) that any smooth manifold has 
an atlas satisfying conditions one to three. 

Definition 3.4 A Lip-j manifold with Lipschitz constant L is a topological 
manifold with a Lip-^ atlas with constant L. 

Later when we discuss solutions to RDEs on manifolds it will be important 
that we can combine a signal rough path living on one Lip-7 manifold N and a 
response rough path on another Lip-7 manifold M. This will involve imposing 
the structure of a Lip-7 manifold on the topological space N x M (taken with 
the product topology). For definiteness, suppose that {{(j)i,Ui) : i £ 1} is a 
Lip— 7 atlas for N and that the coordinate spaces are subsets of the normed 
space (W^^, and likewise that {(?Aj,y,) : j £ J} is a Lip— 7 atlas for M 

coordinatised through subsets of (W^'', IHIj) • We then introduce the candidate 
Lip-7 atlas for the product as 

m,,W,,):ieL jeJ} (9) 

where Wij = x Vj C N x M and : iV x M © K'^^ is defined by 

(n, to) = {(pi (n) , V'j (™)) ■ The following lemma shows that, for a particular 
choice of direct sum norm on the coordinate space © IR.''^ , the atlas ([9]) is a 
Lip-7 atlas for N x M. 

Lemma 3.5 Let N and M he two Lip~"f manifolds with associated constants 
Li and L2, Si and 62, Ri and R2, atlases {{(f>i, Ui) : i (z 1} and {{ipj, V}) : j G /} 
and such that their coordinates spaces are subsets of (R'^^, IHI^) md (K*^^, ||-||2) 
respectively. Then (0) is a Lip-^ atlas with Lipschitz constant hounded by L :^ 
max{Li, L2) when the coordinate space M'^^ © R'^^ is endowed with the direct 
sum norm: 

\\ix,y)\\ =max(||x||i,||y||2). 

Proof. We need to verify the conditions of Definition 13.11 It is elementary to 
check that {Wij : i € I, j £ J} forms a cover for the product space. Condition 
2 follows more or less immediately from the (crucial) observation that for any 
r > we have 

B||.||(0,r)-i?l|.||jO,r)xB||.||^ (0, r) , 
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so that 

= 0, {Ui)x^,{V,) 

= i3||.|l^(0,l)xB||.||^(0,l) 

= i3||.||(0,l). 

Easy calculations using the same idea can be used to show that {N x M) C 
-B||.|| (0, i?) for R max (i?i, i?2)- To check condition 3 we need to observe 
that if (5 min ((5i, (52) then 

^e^jlH^^. (i3||.||j0,l-5) xi3||.||jO,l-,5)) 

= '/'.la' {B\y\w (0' 1 - '^)) X V-.ly/ (0, 1 - 5)) 

= Ufx Vf 

It follows that {Wfj : i e I, J G J} covers N x M. Finally, condition 4 follows 
because 

° ^i2n I ^1^,2 = ((/-M ° (/-is I : V'ii O V'J2 I v/^ ) (10) 

and the observation that the choice of norm on M.'^'^ M''^ implies that any / : 

(0,1) ^M''i©M''2 which is of the form / = (/i, /2) where /i : (0,1) 
M, i = 1, 2 and where the fi are Lip-7 will itself be Lip-7 and 

ll/llL'ip-7 — 1'^^^ (1 1 1 

The proof is completed by combining this observation with (jlOp . ■ 

It turns out that it is easy to show that finite dimensional normed vector 
spaces and compact C'L'''J+^ manifolds are Lip-7 manifolds. 

Example 3.6 A finite dimensional normed vector space W is a Lip-^ manifold. 
To see this we may cover W with balls B (xi, 1 — 6). The charts ((j)i,B(xi, 1)), 
where is any extension map that translates the ball B{xi, 1) to the unit ball 
centred at the origin, are a Lip-j atlas for any 7 > 1. 

Lemma 3.7 Any compact C^''^^^ -manifold is a Lip-^ manifold. 

Proof. It is elementary to show that any CL'>' J "'"^-manifold has an atlas consist- 
ing of charts {4>i,Ui) that is a regular refinement, i.e. satisfies conditions one 
and three of a Lip-7 atlas with 6 = 1 and in addition satisfies {Ui) = B (0, 3) 
(see e.g. Lee [9] page 53). Using the compactness of M we can find a finite 
number of sets Uf_ defined as in ^ that cover the manifold. The set 
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is compact and therefore Uf^'^ C / {V) is pre compact. The functions - 



i5/3 



may be extended to C'L'''J+^ functions (f>i. that vanish off uf^^ and thus are 



compactly supported. Also note that the functions (pi- o</'i^^|B(o,8/9) are C^i^+'^ 
and therefore as it has [7J + 1 bounded derivatives on B (0, 5/2) the function 
°*^ifc^ls(o,5/2) is Lip-7 with some constant Ljj^. Hence, the finite collection of 
charts (^i^,?///^) also satisfies condition 4. Note that 

and (t>i. {M) C i?(0, 3) so condition 2. is also satisfied and the collection 
{^4>ij, uf^'^^ is a Lip-7 atlas. ■ 

The next step is to introduce Lip-7 functions on Lip-7 manifolds taking 
values in Banach spaces. 

Definition 3.8 Let f : M ^ W be a function between a Lip-^ manifold M 
and a Banach space W. We say f is Lip-^ if there exists a C > such that 
for every chart {(pi, Ui) on M the functions f o 4>i\^^ij:^ '■ 4>i{Ui) — ?> W are Lip-'y 
with Lipschitz constant at most C in the sense of Definition \2.9i We say the 
minimal C satisfying this requirement is the Lipschitz constant of f and denoted 
by 

The Lipschitz constants define a norm on the Lip-7 functions on M taking 
values in W. We can similarly define Lip-7 functions on any open subset V of 
the manifold by considering the intersection of all charts with the set V. We now 
introduce the important notion of the equivalence between two Lip-7 atlases on 
a manifold M. The important feature that we need to capture is that equivalent 
atlases should give rise to the same set of Lip-7 functions on the manifold. Thus, 
we make the following definition. 

Definition 3.9 (Equivalence of Lip-7 atlases) Suppose that the sets 

Ai = Ui):ie 1} and A2 = {(V'j, V,) : j G J} 

define two Lip—j atlases on M with respective coordinate spaces {W^, \ -\-^ and 
{W^, \-\^) . Then we say that Ai and A2 are equivalent with constant C if for 
every i in L and j in J we have that the functions 

•/'^"^.ly/ :Sm.(0,1)^ (kM-|i) 
^,oc/,,,|-i :B|.|J0,1)^ (mM-I^) 
are Lip-"f in the sense of Stein and moreover 

4>i ° < C and sup Wtpj o | < C. 



sup 



u,,iu, ouy ^ ■i^ilu^ Liv--y 



The following technical lemma will be useful in characterising the notion of 
equivalence atlases. It tells us that the uniform control on the Lip-7 norm of 
the transition functions in the definition of equivalence allows us to control the 
size of balls when passing between the two coordinate systems. More precisely, 
we have: 
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Lemma 3.10 Suppose that A\ = {((/'i, Ui) : i G 1} and A2 = {(V'j, ^3) '■ j ^ J} 
define two Lip—'f atlases on M with coordinate spaces (M'*, and 
respectively. Suppose further that Ai and A2 are equivalent with finite constant 
C > 1. Let X he in (0, 1); for any chart (0, U) in Ai we have that m := 
^\u^ (x) is in U. Moreover, if V) is any other chart in the second atlas A2 
which also contains m and is such that for some r > 

(m),r)Ci3|.|^(0,l) 

then we have that 

{x, u) n (0, 1)) C {^p (m) , r)) (11) 

provided < u < ^. 

Proof. Suppose for a contradiction that PT|) does not hold; then for some y in 
(0, 1) with \x — < uwe have that (j)\u^ iv) is in M\ilj\y^ (^M2 ('^ ' ^))' 
Define w : [0, 1] B\.\_^ (0, 1) by taking w {X) = {1 - X) x + Xy; it fohows that 
g : [0, 1] M defined by 

g(A) = (/)|j}i(«;(A)) 

is a continuous path with values in [/ C M. We have (7(0) = (l)\u^ (x) is in 
■i/'ly^ (^Ma (™) ' ' ^'^'^ must happen that for some A in (0, 1] the path g 
is in the set 

^\y' {iP (m) , r) \ (^ (m) , Cu)) ; (12) 

if this is were not the case then for any continuous function $ : A/ — > R such 
that 

r 1 on ^1^1 (B|.|(^ (m),Cu)) 

^ ' 10 onMW'lyM^M.lV'M,^) 

we would have that ^og : [0, 1] ^> M is a continuous function with values in {0, 1} 
and hence constant. It follows that ($ o g) (1) — ($05) (0) = 1, contradicting 
(y) not being in i^\y^ (^Ma (V" ('^t) , »")) ■ Hence, by choosing A such that 
g (A) is in ((T^ we can deduce 

l^b {g (A)) - (m)|2 = I o 01^1) («; (A)) - {4, o (x)!^ > Cu. 

On the other hand, the fact that ip and are drawn from equivalent atlases 
implies that 

I o («; (A)) - (V- o <^|^i) (a;)!^ < C lu; (A) - x\, < C \x - y\, < Cu; 

the two inequalities stand in contradiction to one another and the proof is 
complete. ■ 

We record the following corollary for later use. 



Corollary 3.11 Let A be a Lip-j atlas on a manifold M with constant L. 
Suppose that (0, U) and (ip , V) are two charts and m in M is such that m £ 
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U D V . Suppose there exists a r > such that B((j){m),r) C B(0,1) and 
B (ip (m) ,r) C B (0, 1) . Then we have 

^P\^' {B{^ C0|-i (i?(0(x),r)), 

provided < u < 

Proof. The claim is immediate from the previous lemma upon noticing that A 
is equivalent to itself with constant L. ■ 

The following lemma is the key result on equivalent Lip-7 atlases. It tells us 
that two equivalent atlases yield the same set of Lip-7 functions up to changes 
of constant. 

Lemma 3.12 Let 7 > 7' > 1 and suppose that Ai = {{(j)i,Ui) : i G 1} and 
-^2 = ■ J S J} define two Lip~^ atlases on M with respective constants 

5i and 82 ■ Suppose further that Ai and A2 are equivalent with finite constant C. 
Then a Banach space valued function f : M ~¥ W on M is Lip-Y with respect 
to Ai on M if and only if it is Lip—j' with respect to A2 on M. Furthermore, 
denoting the Lipschitz norms of f on Aiand A2 by \\f\\i i^ip_^ and II/II2 Lip-7 
we have that these norms are equivalent; more precisely, we have 

c(C',7,<5i)||/||2,L,,_,<ll/lli,L.p_,<rf(^^,7,'52)||/||2,L,,_^ (13) 
for some finite constants c (C, 7, Si) and d (C, 7, 62) 

Proof. Suppose that / is Lip— 7' with respect to the atlas A2, we need to show 
that for any chart {(f>i, Ui) in Ai the function 

/ o 0,1^1 (0,1)^1^ 

is Lip—j' and has a Lipschitz norm that can be bounded uniformly in i S /. Due 
to the convexity of (0, 1) it suffices, by Lemma r2.13l to prove that / o 
is /c-times differentiable (where k is the unique integer such that 7' G {k,k + 1]) 
and that the /c"* derivative D'^ (/ o (f'il'^j^) is (7' — k) —Holder continuous. To 
prove this let us first that for every x in (0, 1) there exists a chart {4>,V) 
in A2 such that 4>i\u^ (x) is in V and hence on the neighbourhood cj)i {Ui n V) 
of X we have that 

Because the right hand side is the composition of two Lip-7' functions it is 
itself Lip-7' s-ncl we can deduce that / o is /c— times differentiable on this 

neighbourhood and that its derivatives of these two functions agree. Using the 
bounds in Lemma 12.121 we can deduce that for j = 0, 1...., fc 

sup \D^f o {x)\ < sup \D^{foij\y'o^o^,\-l){x)\ 

a;e-B|. 1^(0,1) 2;eS|.|JO,l) 

<ci(C,7)||/|l2,L.p-y (14) 
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It remains to prove that D'' (/ o is (7' — k) —Holder continuous. As 

a first step towards proving this we notice that if x is in (0, 1) then us- 
ing condition 3 of Definition 13.11 there exists a chart , V^) in A2 such that 
4'i\u^ (x) is in and moreover that the preimage under ip^ of the ball (in |-|2) 
of radius 62 centred on (^ip^ o <j)i\^^) (x) is contained in V^; that is we have 

r\vl[B\.\^{{ro<t>^\u')i^),S2)] <=r\ (15) 

We now observe that since ^land A2 are equivalent atlases Lemma r3.10l togcthcr 
with (IT5]) shows that 



4>\u' (sM,(o,i)ni?|.|^ (^^^^y^Q^^\-l [B|.iJ(^-o</,,|-i)(x),<52)] cy-. 

(16) 

An elementary calculation then gives the bound 



sup 



1^' [I o ^^^]) {x) ~ D'^ {fo4>,\-l) {y)\ 



1^' {f°'t>^\ul)i^)-D'' {fo^^\ul) (y)| 



< sup 

x,y£By\^{0^), \x - y\ 

I - I ^ ^2 

7'— 



■y' — k 



2(¥) I^M/°4I^,^)L.«,,,,, (17) 



1^ -•^»IC/Wloo;S,|,(0,l) 

We can use p6)) to deduce, again using Lemma [2.121 that for any y in {^^ w)^ 
(0, 1) we have 

\D'' {f o (x) - D'^ (foq^^l^l) iy)\ 

= 1^' (/ ° ^1^;' ° r o (2:) - (/ o v-^i"! o r ° 0.1^') (y)| 

<ci (C,7)ll/ll2,L.p-yk-2/r'"'- 
Using this together with in P7|) yields 

and hence that / o is Lip-7' with 

\\f°^^\u!\\L,,.y<d{C,l,S2)\\f\\2,L^r,-y■ 

These bounds are uniform with respect to indexing set / so we take the supre- 
mum over i in i to deduce the result 

\\f\\l,Ltp-Y <d{C,J,S2) \\f\\2Mp-t' ■ 
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The first half of inequahty in (|13p can be shown in the same way just by re- 
running the proof and interchanging the roles of the two atlases. ■ 

In the definition of a Lip-7 function / we require / o (/>|^^ to be Lip-7 
for all charts {(j>, U) . Clearly to verify if a function on a smooth manifold is 
smooth it is sufficient to check that the functions / o (/'l^j^j/-, are smooth for any 
cover by charts. In our setting coordinate transformations amplify the Lipschitz 
constants; nonetheless, we are able to obtain an analogous result and involving 
the constants of the Lip-7 atlas. Elucidating slightly, the following lemma shows 
that to check whether a function is Lip-7 011 a given Lipschitz atlas it suffices to 
check that f o 4>\ij^ is Lip-7 for a sub-collection of charts in the atlas satisfying 
a certain covering property. The key observation of course, is that if this sub- 
collection is chosen appropriately then it constitutes a Lip-7 atlas for M and is 
equivalent to the original atlas. 

Lemma 3.13 Let M he a Lip-j manifold with atlas A = {(0,;, Ui) : i G 1} and 
constants 6 and L. Suppose f is a Banach space valued function on M and that 
I' is a subset of the indexing set I such that the collection { : i G /' } forms 
a cover for M. If there is a finite constant C" > such that 

then f is a Lip-j function on M (with respect to A) and \\f\\i^ip_j < C, where 
C is a constant that only depends on the constants S and L of the Lip-j atlas 
and the constant C . 

Proof. It is easy to see that A — {{<j>i, Ui) : i G /'} is a Lip — ^ atlas for M with 
constants 5 and L. Moreover, it follows from condition 4 of 13. II that A and A 
are equivalent with constant L. The conclusion is now immediate from Lemma 

m ■ 

Definition 3.14 Let a he a one-form on a Lip-"fo manifold M taking values in 
a Banach space V. We say a is Lip-^ if the one-form 



])* a:dp,{U,)^ L{m.\W) 



is Lip-^ for any chart {(j)i^Ui) in the atlas defining the manifold and for some 
finite constant C 

<C. (18) 



sup 



Lip— J 

The Lipschitz constant is the minimal positive numher C that hounds hl^) . 

The following lemma shows the preceding definition is consistent with the 
definition made for Banach space valued functions. 

Lemma 3.15 Let M be a Lip-j manifold and W a Banach space, h : M W 
a Lip-^ function from M to W and a : E ^ L {W, V) a Lip-{'^ — 1) one form 
on a subset E of W taking values in another Banach space V. Then, if the 
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range of h is contained in E (i.e. h{M) C E) the pullback h*a is a V —valued 
Lip-{"f — 1) one form on M . Moreover, we have 

where C is a constant independent of h and a. 

Proof. Let {</), U) be any chart then we need to verify that the pullback 
{(pl^^y {h*a) = (/io0-i)*a : <j){U) ^ L{R'^,V) is Lip-(7 - 1) and that we 
can bound the Lip- (7 — 1) norm uniformly over the charts. Recall that the 
pullback (h o (plYj^^ a is defined by 

{h o <j)\^^)* a {x) (w^) = a o (/i o cf)]-'^) (x) {h o (f>\'[j'^) ^ (v^) 

and so can be expressed in terms of the two functions 

/i ■.= ao{ho(t>\-'):(t>{U)^L{W,V) 
/2:= {hocf>\^^)^:c^{U)^ L{R'',W) 

by (h o 01^^) a {x) — fi (x) o fi (x) . Because h is Lip-7 it follows by definition 
that h o : (/>(?/) W is Lip-7 hence the derivative /2 — {ho(t>\^^)^ is 
Lip-(7 — 1) too; furthermore, since a is Lip-(7 — 1) Lemma 12.121 implies that /i 
is Lip-(7 — 1) since it is the composition of two Lip-(7 — 1) functions. Given 
these observations it is elementary to verify that 

{h o 01^1)* a (•) = A (•) o /2 (•) : (C/) i {R", V) 

is Lip- (7 — 1) and that the norm can be bounded by 

{hod^lrj'Y^ , ^ <C(7)||/i|lLip-(,-i)ll/2llLip-(,-i)- (19) 

Lip-(7 — 1) ^ ' ^ 

Definition 13.81 implies that 

ll/2|lLip-(,-l)<C(7,d)||(/.o0|-l)J|^^p_^^_^^ 

<C(7,d)||/io0|-i||^.p_^<C(7,rf)ll/i||Lip-^, 
moreover, Lemma 12.121 yields the bound 

I l/i I lLip-(7-i) ^ ^ I l«l lLip-(7-i) max (1 1 /i o <^|-i I |[jp"_'(^_,) , 1) 
<^^(7)ll«llLip-(^-i)niax(||/i||W_^,l) 

from which the desired conclusion follows. ■ 

Recall that for a chart (J7, (p) the set denotes the pre image of the open 
subset of (j) (U) consisting of points with distance at most S from the boundary. 
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Lemma 3.16 Let M be a Lip-j manifold, {(1>,U) a chart and suppose f is a 
Lip-^ function supported on . Then f extends to a Lip-^ function on M that 
vanishes outside U^^"^. Moreover the Lipschitz constant of the extension only 
depends on the Lipschitz constant of f , S and L in the definition of the Lip-j 
atlas. 

Proof. The function g defined to be fo<j>\-^ on 0(1/*) and on {U)\(p{U^/'^) is 
Lip-7 on the union of the two sets (the two sets are separated by a distance 6/2). 
Thus by the Stein- Whitney extension theorem (Theorem I2.10|) g extends to a 
Lip-7 function on W^. The required function is now obtained by considering gocj) 
on U extended to vanish outside U. Note that for any chart {tp, V) intersecting 
U the function g o iplyl^u Lip-7 

9 ° i'lvnu =9° 4>\u'^ °4>° V'lvnc/ 

is the composition of two Lip-7 functions is Lip-7 ^-nd g vanishes by construction 
outside the intersection. ■ 

As in the theory of differentiable manifolds partitions of unity are an indis- 
pensable tool that will allow us to extend Lip-7 functions on a manifold. The 
following proposition guarantees their existence. 

Lemma 3.17 For a Lipschitz-^ atlas {{(pi^ Ui) : « S /} there are functions fi : 
AI — > K such that each fi has support contained in Ui and the following condi- 
tions hold: 

1. /, > 

2. 

E/' = i 

3. Each fi is Lip-7. 

Proof. By Lemma [3 . 1 61 there exist Lip-7 functions Ci on M that are identically 
one on C/^ and vanish outside Ui. Note that by definition of a Lip-7 atlas the 
sets J7j are a locally finite cover of M. Let Ji denote the (finite) set of indices 
consisting of the indices of all sets Uj intersecting Ui. Note that X^jeJ '^i ^ 
Lip-7 function and by construction bounded below by one on Ui. Let 5 : R — >■ R 
be a smooth function with bounded derivatives of all orders that agrees with the 
function 1/x on [1/2, 00). For any Lip-7 function h > 1 on Ui the composition 
g o h is Lip-7. We deduce that 

1/ E 

is Lip-7 ou Ui and we may define the function fi by setting 

f- 2i 

on Ui and taking fi to be zero on the complement. As c,; vanishes outside Ui 
the function fi is Lip-7 and by construction ^ fi = ^ on M. ■ 
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Lemma 3.18 Let g be a Lip-^ function defined on a compact subset K. Then 
g has a Lip-"/ extension to M such that the Lipschitz constant of the extension 
only depends on ||<?||^jp_^ , the constants L,6 and R in the definition on the 
Lip-j atlas and the compact set K . 

Proof. Let J be a finite set of indices such, the charts {4>i, Ui)^^j cover the set 
K. Let gi = fig on Ui, where the fi are a partition of unity for the Lip-7 atlas 
and 'g a Lip-7 extension of g from Ui Ci K to Ui . As fi vanishes outside Ui 
we may extend gi to M by setting it to zero outside Ui without increasing the 
Lipschitz constant. The required function is now given by X^jgj 9j- " 

4 Rough paths on manifolds 
4.1 Introduction and motivation 

In the following we establish a notion of rough paths on Lip-7 manifolds that is 
global and coordinate free. All our definitions are consistent if the manifold is a 
finite dimensional normed vector space, in particular we show that in this case 
there is a bijective correspondence between classical rough paths augmented 
by a starting point and rough paths in the manifold sense. In this context 
it is important to realise that on a manifold we do not have the translation 
invariance of a Banach space, so a rough path on a manifold necessarily comes 
with a specific starting point x S M . Conceptually we regard a p— rough path Z 
on a manifold as a non-linear functional mapping sufficiently regular one forms 
a taking values in any Banach space W to geometric p— rough paths on W. This 
functional corresponds to the rough integral of Z and so can only be expected 
to be linear at level one. In this spirit of the rough integral on Banach spaces 
we impose two natural consistency conditions on the map. First we require the 
integral map to be continuous in the p— variation topology. Second the push 
forward of Z under a smooth map to a Banach space V must behave like a 
classical rough path on V. 

A classical p— rough path on a Banach space V corresponds via its trace 
(projections to level one) to a path of bounded p— variation on V. We introduce 
a notion of support for Z and show that this support is a continuous path with 
values in M. We furthermore demonstrate that for sufficiently small times the 
support of Z is contained in some coordinate chart. This allows us to prove a 
theorem can rather loosely be described as a non-linear analogy of the classical 
Riesz representation theorem: rough paths on a manifold are precisely the push 
forwards of finitely many classical rough paths from the coordinate charts. 

The structure of the section is as follows: We first present the basic defini- 
tions and prove the basic properties of rough paths manifold and, their support, 
restrictions and concatenation. In doing so we defer the somewhat technical 
proofs to two key theorems that characterise the support of the rough path. We 
subsequently give these proofs in subsections 14.61 and 14.71 
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4.2 Definition and basic properties of rough paths on man- 
ifolds. 



Before we can attempt a definition of a rough path on a Lip-7 manifold we 
verify that the pushforward of a classical rough path on a Banach space is well 
behaved and satisfies a chain rule that will be central to our definition in the 
manifold setting. 

Lemma 4.1 Let ^>p>\,Mhea Banach space and suppose X is a classical 
geometric p~rough path on M with starting point x. Then, if : M ^ W and 
a : W L (W, V) are a Lip—"/ function and a Lip-{"/ — 1) one form respectively 
for two arbitrary Banach spaces W and V, we have that 

^ ra{Xs)dXs = JaiZ,)dZ„ 

where 

Z = j diP {Xs) dXs 

with starting point ip (x) . 

Proof. We observe that ip*a and dtp are Lip— (7 — 1) one forms on M. Let 
X : [0, r] — M be a path of finite variation, note that z = ip (i) still has finite 
variation by the regularity assumptions on ip. If we denote the lifts of these 
paths hy X = S\^pj (i) and Z = S^^pj (z) then we claim that for any Lip-(7 — 1) 
one-form / we have 

S[pi (yj f (is) dxs^ = I ^{^) "^^^ 

To see this we recall that the the Lyons extension theorem tells us that S^p^ {J f (xg) dig 
is the unique multiplicative functional on TLpJ (V) with finite 1— variation such 
that the projection tti^Lpj (/ / {is) dxs) = J f (x) dxs- Since the geometric p- 

rough path / / dX is also a multiplicative functional of finite 1— variation 

with this property the two must agree by uniqueness and (|20p holds. We there- 
fore have that 



tp*a (Xs^ dXs = 5lpj ip*a {xs) dx^ 

= S'LpJ / a{%p{xs))ip*Xsds 



SlpJ yj a{%p{xs))d%p{xs 
Syp\ (^J a{zs)dzs^ 

Zs) dZs. (21) 
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Now suppose that (a:n)^i is a sequence of finite variation paths with X„ := 
S[j,\ (xn) —7- X in the rough path topology and give each of the X„s a common 
starting point x. Then, if Z„ — S^p^ {ip (x„)) with starting point 'ip (x) the 
relation (|2ip gives on the one hand 

ra {X„ is)) dX„ (s) - fa (Z„ (s)) dZ„ (s) , (22) 



on the other hand, taking a to be the identity one-form in (|21l) and using the 
continuity of the map Z ^ J dip (Z) dZ in the rough path topology shows that 

Zn = -SlpJ (^J dip (Xn) dxn^ = J dip (Z„ (s)) dZn (s) J dip (Xs) dXs = Z. 

Letting n tend to infinity in (j22p and making a final use of continuity concludes 
the proof. ■ 

We first fix 7o > 1 and let M be a Lip-70 manifold. On a manifold with 
Lip-70 regularity we will define p- rough paths any p < 70. As in the classical 
Banach space case we expect such paths to integrate Lip- (7 — 1) one forms if 
7 > p. Intuitively a rough path on a manifold is an object that has a starting 
point and which consistently integrates sufficiently regular compactly supported 
one forms taking values in any Banach space. 

Definition 4.2 Let jo > p > 1 and j > p. A geometric p-rough path over [0, T] 
on a Lip-70 manifold M starting at a point x ^ M is a map Z which, for any 
Banach space V, maps every V valued Lip-^ one form a on M to a continuous 
V —valued geometric p-rough path over [0,T] (in the classical sense) such that : 

1. Given any compactly supported Lip-j function ip : M ^ W mapping M 
to a Banach space W and any Banach space valued Lip-(^ — 1) one form 
a on W we have 



Zira) = J aiYt)dYt, 
where Y is the rough path starting at ip{x) with increments given by Z[dip) 



2. There exists a finite control uj such that for any V— valued Lip— (7 — 1) 
one form a on M the geometric p— rough path Z (a) is controlled by 
II"IIljp-(7-i)'^(S'^)' we have: 



Z{ay 



< 



(|I"IIl,p-(7-1)'*^(s>*)) 



i/p 



[p\, {s,t)eA 



T- 



As we only define geometric rough paths on manifolds we will in the follow- 
ing frequently drop the qualifier "geometric" and just refer to these objects as 
rough paths. The map Z can be thought of as functional on sufficiently regular 
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Banach space valued one forms, taking values in the geometric p— rough paths. 
Condition one intuitively forces the pushforward of the rough path onto a Ba- 
nach space to behave like a classical rough path. The second condition captures 
the continuity of the integral in p— variation another feature that is expected of 
a classical rough path. 

The behaviour of a classical rough path on a Banach space is determined 
by its integral again the compactly supported one forms. To obtain a bijective 
correspondence with the classical rough paths on finite dimensional normed 
vector spaces we define an equivalence relation ~ on the p— rough paths on 
a Lip-70 manifold M by saying two rough paths Z, Z' satisfy Z ^ Z' '\i their 
starting points agree and 

Z (a) = Z' (a) (23) 

for any compactly supported Banach space valued Lip-(7 — 1) one form on M. 
Before we show the consistency of Definition 14.21 with the definition of classical 
rough paths on finite dimensional normed vector space we require two elemen- 
tary lemmas for preparation. 

Lemma 4.3 Lei g : M V be a compactly supported Lip-j function and Z a 
rough path on Lip-j manifold M . Then 

supp{Z{dg))Cg{M). 

Proof. As dg = g*ldv we see that 

Z{dg) = Z{g*ldv) = J dldvdYt, 

where Idy is the identity map on V and Yt the classical rough path with starting 
point g (x) and increments Z (dg) . If Y had support off g (M) we could change 
the one form on the right hand side off g (A/) but on supp(yt) without affecting 
the left hand side, leading to a contradiction. ■ 

Lemma 4.4 Let V be a finite dimensional normed vector space. There exists 
C > such that for all u > 1, x Q V there exist compactly supported Lip-j 
functions fu-V^V such that 

fu\B{x,u) ~ Idv\B(x,u) 

and the one forms dfu are Lip-^ with Lipschitz constant at most C. 

Proof. To see the existence of the functions /„ one may start with /i , a com- 
pactly supported smooth extension of the identity function on the unit ball and 
define /„ {x) for x & V hy f^ (x) = ufi (x/u) and observe that the derivatives 
of /„ are bounded by the derivatives of /i . ■ 

Clearly only the one forms dfu can be expected to have a uniformly bounded 
Lipschitz constant in u as only dldy^ but not Idy itself is Lip-7 on the whole of 
V. 
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The following theorem constructs on finite dimensional normed vector spaces 
an explicit bijection between the quotient of the manifold rough paths under ~ 
and classical geometric rough paths with a starting point. The proof that the 
map is onto is somewhat complex but instructive as many of the techniques and 
strategies introduced there will continue to be used when we proof our main 
results on the localisation of rough paths on manifolds. In particular we express 
compactly supported one forms a as the pullback of another one form a under 
a compactly supported Lip-7 function g. The first condition in the definition of 
a rough path allows us then to re-express Z {a) as a classical rough integral of 
the one form a against classical path with increments given by Z (dg) . 

Theorem 4.5 Let V be a finite dimensional normed vector space with the Lip-j 
atlas of Example \3.6[ Then there exists a bijection between classical geometric 
rough paths with a starting point specified in V and the quotient of the rough 
paths in the manifold sense by the equivalence relation ~ . 

Proof. Let X £ Gflp (V^) be a classical geometric p -rough path on V and x £ V 
a starting point. Note that there are finitely many open sets Ui (corresponding 
to charts in the Lip-7 atlas on V) that cover supp(X) . If a is a Lip-(7 — 1) one 
form in the manifold sense it is immediate that a is Lip- (7 — 1) in the classical 
sense on each set Ui with uniformly bounded Lipschitz constants. Therefore the 
classical rough integral / a {X) dX exists and the continuity theorem for the 
classical rough integral tells us that there exists a control lu such that / a {X) dX 
is controlled by Cui, where C is a constant depending on a only via its Lip-7 
norm. Note that for this we have used that the collection (pi (Ui) covering 
supp(X) is finite. Thus we may set for any vector valued Lip-(7 — 1) one form 



and Z satisfies condition 2. of a rough path on a manifold. By Lemma 14.11 Z 
with starting point x also satisfies condition 1. and hence, Z is a rough path 
in the manifold sense. We define a map h from classical geometric rough paths 
to manifold rough paths by setting h {X, x) = Z for any X e Gfip {V) with 
starting point x G V. We confirm that that the map h is injective by considering 



To finish the proof we show the map h is onto. Let Z he a, rough path in the 
manifold sense on V with starting point x, then to prove this claim we have to 
demonstrate that there exists a classical rough path Xt such that h {X, x) — Z; 
i.e. we have to show that 



a 




a {X) dX 





(24) 



for any compactly supported Lip(7 — 1) one form ai. 
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Let /„ be the Lip-7 extensions of the identity obtained in Lemma 14.41 and 
c„ : y — >■ K be a family of Lip-7 bump functions with Lip-7 norm independent 
of u that are identically one on B {x,u — 1/2) and have support contained in 
B {x, u) . Then the functions gu : V ^ V (B^ defined by gu = {fu, Cu) are Lip-7 
with Lipschitz constants uniformly bounded in u. We deduce by the continuity 
condition 2. in Definition 14.21 that there exists u' > such that 



supp {Z {dgu)) C B (g„ [x) , u' - 1) (25) 

for all u > 1. 

Suppose ai is supported in the ball B{x,r — 1) for some r > u' -I- 1. Let 
W := y © M and define projections ttk and ny onto M and V respectively. We 
define a one form al on by letting oi — XRiTya, where xr is a Lip-7 extension 
of coordinate function ttr from the subspace y x [0, 1] to W. Clearly al is Lip-7 
and by construction of g and aj we have a = Cra = g*rOii. Hence, it follows that 

Z [a) ^ Z {cra) = Z {gla{) = J a^Z (dgr) ■ (26) 

Let a2 be a Lip-(7 — 1) extension of ai\B{x,u'-i) that vanishes off B (x, u') and 
02 be defined by = a;K7ryQ;2. We note that 5*02 = 012 and by identity (|25)) 
the rough path Z (dgr) has support contained inside the ball B {g {x) , u' — 1) . 
Hence, as both one forms agree on the support of the path Z {dgr) , we deduce 
that 

j SIZ {dgr) ^ J^Z {dgr) = Z {g;^) = Z (aa) • (27) 

With the same arguments used to derive ([26]) (note the smaller support of the 
one form Q2) it is straightforward to show that 

Z{a2) = J ^Z{dgu.). (28) 

Using that ai and a2 agree on an open subset containing the support of the 
classical rough path Z {dgu') based at g{x) we conclude that 

j ^Z{dgu') = J ^iZ{dgu'). (29) 

From left to right the chain of equalities (1^^ to yield 

Z{ai) = j ^iZ{dgu,). (30) 

Let Va.fc denote the affine subspace {w € W : a < ttrw < b} . Combining 
and Lemma [4.31 it follows that 



suppZ {dgu') C gu' (Af ) n B {gu' {x) ,u'-l) (31) 



= gu' (M) n B {gu' {x) ,u' -l)n Vq, 
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In fact, as the bump function Cu> only takes values in (0, 1) when /„/ is the 
identity on the closed annulus of radii u' ^ 1/2 and u', centred at g^' (x) we 
have 

(M) n B {gu' {x),u' -l)^r\{w£W -.Ok ttrw < 1} = 0, (32) 

and combining this identity with (j3ip we get 

suppZ {dgu') C Vo,o U Vij. 

But gu' {x) 6 Vi ^1 and the classical rough path Z {dgu') is continuous. Therefore 
as Z {dgu') starts in Vi^i it remains in Vi^i and we deduce that suppZ {dgu') is 
contained in the affine subspace Vi^i. Using that the function is identically 
one on suppZ {dgu') C Vi^i we deduce that 



J a{dZ {dgu') = j 



XRTTyaiZ {dgu') 

n'yaiZ {dgu') 
= Z {{ny o g^,)* ai) 

= Z{f:,ai) = JaiZ{dfu') (33) 



Setting Xt — Z {dfu' ) equality p4)) follows from equations (l30t and (|33)) . ■ 

A map / between two Lip-7 manifolds M and N that pulls Lip- (7 — 1) one 
forms on M back to Lip- (7 — 1) on A'' allows us to consider pushforwards of 
rough paths between manifolds. More precisely the property we care about is 
that there is a constant C/ independent of a such that 

< (34) 

for any Banach space valued Lip- (7 — 1) one form a on M. Note that by Lemma 
13.151 a Lip-7 uiap from a Lip-7 manifold to a Banach space satisfies (p4| . For 
maps between manifolds we have so far not been able to identify a similar, 
natural condition. A natural way to develop paths from one manifold into 
another will be to consider differential equations. 

Lemma 4.6 Let 70,7 > p > 1, Z he a p-rough path on a Lip-^Q manifold Af 
and g : M N between M and a Lip-^o manifold N satisfying (\34i . Then 
g induces a pushforward 5* from p— rough paths on M to p— rough paths on N 
given by 

g^Z {a) = Z {g*a) 
for any Lip-j one form a defined on N and new starting point g {x) . 

Proof. We need to verify that g^.Z is a rough path on A^. Let a be a Lip-(7 — 1) 
one form on A^. By definition 

g.Z{ra) = Z{g*ra) - Z ((V o g)* a) ^ f adZ{d (V o g)). 
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Using the identity g*dtp — d{ip o g) we deduce that 

adz [d {tp o g)) — I adZ{g*dip)— I adg,,Z{dip). 



By assumption we have ||ff*a||^,,p_(^_i) < Cg ||a|li,p_(^_i) ■ ■ 

Lemma 4.7 Pushforwards are morphisms on rough paths. 

Proof. Let M, N, S be Lip-70 manifolds, g : M ^ N, h : N ^ S maps 
satisfying (p4l) and Z a rough path on M. Let a be a W^-vahied Lip-(7 — 1) one 
form on S. We need to show that h^,g^Z = {hg)^,Z. To see this note that 

Z {{h o g)*a) = Z {g*{h*a)) , 

which foUows directly from 

{hogy{a)=g*{h*a). 

■ 

The consistency of the composition of pushforwards is crucial as it ensures 
invariance under change of coordinates. 

Lemma 4.8 Let 70,7 > P > 1, {4'iU),{il^,V) he charts on a Lip-^Q manifold 
M and let Z be a p~ rough path on M such that Z (a) — Z (/3) for any two Lip- 
(7 — 1) one forms that agree on U nV . Let $ and ^ denote the pushforwards 

of Z under ip and ijj. Then if tp o denotes any Lip-^o extension of ip o 
to a function from M'^ to M'^. Then 

Proof. Let a be a W^— valued Lip-(7 — 1) one form on W^. Then on the one 
hand ^(a) — Z(ip*a), and on the other hand 

[ii^u')*'^) (a) - = Z(r = ^(^*«), (35) 

where the last equality follows from the fact that (p* {tp o (f)\jj^)* a — 'ip*a on 

unv. m 



4.3 Restriction and concatenations of rough paths on man- 
ifolds 

To reconstruct the entire rough path on M from its local pushforwards onto 
the coordinate neighbourhoods we need a way of concatenating rough paths on 
the manifold defined on consecutive intervals. For classical rough paths this is 
elementary (as the following lemma shows) however, because a rough path on 
the manifold comes equipped with a starting point a little more care is needed 
when performing the concatenation. Let us first observe the following. 
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Lemma 4.9 Let p > 1 and suppose Z and Y are two (classical) geometric 
p— rough paths on a Banach space V over the two intervals [s,t] and [t,u] re- 
spectively. Then the concatenation 

Z * y : A [s, u] := {(r, v) : s < r < v < u} ^ T^^ {V) 

defined by 

{Zr.v for s < r < V < t 
Zr.t (8) Yt^y for s <r <t and t <v <u 
Yr,v for t < r < V < u 

is also a geometric p— rough paths on V over [s, u] . 

Proof. This follows from the observation that if {zn)'^^i and {yn)'^=i are two 
sequences of finite- varitation paths such that 

dp (S'lpJ (zn) ,Z)^0 and dp (S'^pj (?;„) , F) ^ as n ^ oo 

then it is easy to establish that dp (iS^pj (z„ *y„),Z*y)— >Oasn— >oo. ■ 

Definition 4.10 //70 > P > 1 and Z and Y are two geometric p-rough paths 
on a Lip—"fo manifold AI defined over two intervals [s^t] and [t^u] respectively. 
Then the concatenation Z *Y is defined to he the map which for any 7 > p takes 
any Lip-^ one form a on M with values in any Banach space V to the function 



{Z*Y) (a) : A[s,m] ^ tLpJ (V) 



defined by 



Z (a)r,t, for s < r < v < t 

{Z * Y) (a)^ ,„ = <j Z {a)^ ^ ® Y {a)^^^ for s < r < t and t < v < u . 

Y (a)^ ^ for t < r < V < u 

Suppose X is in GTip (V^) and is defined over the interval [0,T] . If [s,t] C 
[0,T] is a subinterval and we let y|[s,t] and Y denote respectively the geometric 
p-rough paths over [s,t] and [0,r] with starting points yi and 2/2- Then for any 
Lip- (7 — 1) one form a we have the consistency relation: 



a{Y\[,,t])dY\[,^t] = (1 a{Y)dY^ 



[s,i\ 



provided the starting points are consistent, i.e. provided 

2/1 + TTiFo.s = 2/2- (36) 

Furthermore, if Y is in Gfip {V) defined over [s, t] with starting point yi and Y 
is in crip {V) defined over [t, u] with starting point j/2 the same condition (|36p 
ensures that 



a 
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for any Lip-(7 — 1) one form, when Y *Y is endowed with the starting point yi. 
In other words, the condition (|36l) ensures that the two operations of concatenat- 
ing rough paths and taking integrals along one-forms commute. The following 
definition attempts to capture the same notion as this for a rough path on a 
manifold, once again the lack of translation-invariance of the underlying space 
means that this property needs to be slightly reformulated. 

Definition 4.11 //70 > P > 1 and Z and Y are two geometric p-rough paths 
on a Lip—"fo manifold M, defined over the intervals [s,t] and [t,u\ and having 
starting points xi and X2 respectively. Then we say that Z has an end point 
consistent with the starting point of Y if for every 7 > p and every com- 
pactly supported Lip-"f function g : M V, taking values in any Banach space 
V, we have 

9 {xi) + ■niZ{dg)^ ^ = g (xa) . 

Lemma 4.12 If > p > 1 and Z and Y are two geometric p-rough paths on a 
Lip—jQ manifold M , defined over [s, t] and [t, u], with starting points xi and X2 
respectively and such that Z has an end point consistent with the starting point 
ofY. Then the concatenation Z *Y of Z andY is a geometric p— rough path on 
M at the starting point x\ . 



Proof. We need to verify that Z *Y satisfies the conditions of Definition [ 
We first observe that for any Banach space V and any 1^— valued Lip-(7 — 1) 
one form a on Af , Lemma |4]9] guarantees that (Z * 1") {a) is a geometric p-rough 
path on V . 

Let us now assume that a is a T^— valued Lip-(7 — 1) one form on another 
Banach space W and that g : M is a compactly supported Lip-7 function; 

to check the first condition of Definition 14.21 we need to show that 



{Z*Y) {g*a)^ J a{X)dX, 

where X is the p— rough path on W with increments {Z * Y) (dg) and starting 
point g (xi) . Consider r < v in [s, u] such that s<r<t<v<u (the other 
cases necessitating only slight adaptation of the following argument), then using 
the multiplicative property of rough paths we see that 

/ a{X)dX ^ a{X)dX® i a {X) dX. (37) 

Jr Jr Jt 

Using the definition of the concatenation we see that 

I a{X)dX = I a{Xi)dXi 

J r J r 

where Xi = Z {dg) over [s,t] with starting point g{xi) . Furthermore, the con- 
sistency between the end points and starting points of Z and Y shows that 

g (xi) -f TTi (Z * Y) {dg)^ ^ = g {xi) + vriZ {dg)^ ^ = g (X2) 
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and hence 

/V nV 
a{X)dX ^ a{X2)dX2 

where X2 = Y (dg) with starting point g (.X2) . Putting everything together in 
P7|) we may conclude: 

/ a{X)dX^ I a{Xi)dXi® / a (X2) dXa 

J r J r J r 

= Z{g*a)^,®Y{g*a\^ 
= {Z*Y) ig*a) . 

To check the second condition of Definition 14.21 we observe the foUowing 
elementary estimate for s < r <t < v < u and i — 1, [pj 



iZ*Y) {aV 



Y.Ziat.^Yiat-: 

k=0 

^E||^(<*||||^(")m 

(ll"llLip-(7-l)'^('^'")) 



fe=0 



i/p 



<C{p)- 



Similar but more straight-forward calculations pertain to the cases s < r < v < t 
and t < r < V < u. ■ 

Lemma 4.13 (Associativity of concatenation) // 70 > P > 1 and Z , Y 

and W are three geometric p-rough paths on a Lip—^o manifold M, defined over 
[s,t], [t,u\ and [u,v] with starting points xi, X2 and X3 respectively. Suppose 
that Z has an end point consistent with the starting point ofY and Y has an end 
point consistent with the starting point of W. Then [Z *Y)*W and Z *{Y * W) 
are geometric p-rough paths over [s, v] and we have 

{Z *Y)*W ^ Z *{Y *W) . 

Proof. It is self-evident that if Z has an end point consistent with the starting 
point of Y then Z has an end point consistent with the starting point of the 
concatenation F * By Lemma r4.12l Z * (y ^ W) is a geometric p-rough path. 
In a similar way for any compactly supported Lip-7 function g : M V we 
have that 

g (xi) + TTi{Z* Y) {dg)^^^ = g (x,) + tt^Z {dg)^^ + tt^Y {dg)^^^ 

g{x2) +TTlY {dg)^^^ 
= 9 {xz) . 
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Hence, Lemma 14.121 implies that {Z * Y) * W is a geometric p-rough path. A 
simple exercise in unravelling the definitions then shows that 



for any Banach space valued Lip- (7 — 1) one form a on M, which completes the 
proof. ■ 

Remark 4.14 Henceforth we can write Z *Y *W to mean either {Z *Y) *W 
or Z * {Y * W) free of ambiguity. 

4.4 The support of a rough path on a manifold 

Built into the definition of a rough path on a manifold is a notion of an non- 
linear, rough integral against sufficiently regular one forms. We show that this 
integral map considered on a core of compactly supported one forms eventually 
allows us to show that the non-linear functional that is the rough path cor- 
responds to a continuous path on the manifold. In a first step we prove that 
for sufficiently small but uniform times t^ a rough path on a Lip-7 manifold 
restricts to a chart. The pushforward of the restricted path under the chart 
map corresponds (up to equivalence under ~) to a classical geometric rough 
path and we can identify its support with the pre image of this classical rough 
path. Once this localisation is achieved it is not difficult to demonstrate that 
the localised rough path has an endpoint and we can define its restriction to 
an arbitrary time interval [s,i] C [0,io] • Finally by considering the concatena- 
tion of localised paths we can prove that rough paths on a manifold are (up to 
equivalence under ~ ) nothing but the pushforward of finitely many classical 
geometric rough paths on the images of the chart maps. 

Definition 4.15 If > p > 1 we say that a geometric p-rough path Z on a 
Lip-lo manifold M with starting point x in M misses an open set U ^ M if 
Z(a) — for any compactly supported Banach space valued Lip-fj— 1) one form 
whose support is contained in U. 

Definition 4.16 If > p > 1, Z is a geometric p-rough on a Lip-jQ manifold 
M with starting point x in M, then we define the support of Z by 



Remark 4.17 It is important to note that our notion of support only considers 
compactly supported one forms. 

It is immediate from the definition that the support is a closed set. We 
have already seen that every finite dimensional normed vector space V may be 
equipped with the structure of a Lip— 70 manifold; moreover, we have shown a 
bijective correspondence between the set of classical rough paths on V together 



{{Z *Y)*W) (a) ^{Z*{Y* W)) {a) 




32 



with a starting point and the quotient of the set of rough paths on V (where 
V is regarded as a Lip-70 manifold) by the equivalence relation ^ . A classical 
rough path X inV with starting point x already has a natural notion of support, 
namely the support of the underlying base path xt := x + iriXo^t and we need 
to first check that these two concepts are the same. 

Proposition 4.18 Let X be a classical rough path on a finite dimensional 
normed vector space V with starting point xq € V. Let Z denote a rough path 
on V (with the same starting point) corresponding to X under the bijection of 
Lemma \4.5\ when V is viewed as a Lip — 7 manifold. Then if x : [0,T] ~> V is 
the continuous path defined by xt — xq + ttiXq^s we have 

supp Z|[o,T] = N := {xt-te [0, T]} . 

Proof. If X is constant then the result is trivial because [x] = {xq} and Z (a) 
vanishes for every one form a so that supp 2'|[o_r] = {xq}- Suppose x is not 
constant. Recall that X and Z are related in the sense that the integral of Xs.t 
against any compactly supported Lip- (7 — 1) coincides with the integral of a 
against Z {dldB(x,u)) g ^ for all sufficiently large u > and where ldB{x,u) '■ V — ^ 
y is a suitable extension of the identity map from B (x, u). Moreover arguing as 
in the proof of Lemma we see that for any compactly supported Lip— (7 — 1) 
one form a on V 

Z (a) = J a (X,) dXg 

where X is considered together with its starting point xq G V. Thus, if a is 
supported on y\ [x] it follows from the definition of the rough integral (see [lOj ) 
that Z (a) — and hence supp -Z^lfcT] ^ N- 

Conversely, consider w = xt (z [x] and let N be some neighbourhood of w in 
V. Let r > be such that the closure of ball or radius r centred at vu is contained 
in N, i.e. 

B{w,r) C N. 

Because x is continuous and non-constant there exists s 7^ t in [0, T] such that 
between s and t the path x stays in the ball B{w,r) while Xs Xt- Suppose 
s < t (the argument for t < s proceeds mutatis mutandis) then by considering 
a Lip — (7 — 1) one form a which agrees with the one form did on B (w, r) and 
vanishes off N we can deduce that 

TTiZ (a)^ J = TTi a {Xu) dXu = Xt - Xs 0. 

Thus supp 2'|[o_T] ^ N and the result follows. ■ 

The main of results of this subsection are following two theorems that demon- 
strate that for sufficiently small times a rough path on a manifold restricts to a 
chart and on this chart the support can be identified with a continuous path. 
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Theorem 4.19 Let > p > 1 and suppose Z is a geometric p— rough path 
on a Lip-jQ manifold M with starting point x and is controlled by some control 
function ui. There exists a strictly positive time to independent of x such that 

supp{Z\[o^tg]) C U 

for some chart (0, U) containing x. 

In the next step we identify the pushforward of the restricted rough path 
^|[o,t(,] under the chart map (j) with its corresponding classical rough path and 
use this relation to show that the support of -^Ifcto] is a continuous path in the 
manifold. 

Theorem 4.20 Suppose 70 > p > 1- Let Z he a geometric p-rough path on a 
Lip— Jo manifold M with starting point x G M and to, {4>,U) as in Theorem 
\4-19\ Then the support of the pushforward of Z under (j) is contained in the 
coordinate neighbourhood (j){U) , i.e. 

supp {(j)^Z) |[o,to] (=(j){U). 

Moreover, we can recover the support of Z restricted to [0,to] as the preimage 
under (j) of the support of the pushed forward rough path; that is, we have 

supp Z\[o,to] = {(l>\ur^ {supp {(p^Z) |[o,to]) . 

As a corollary we obtain the following characterisation of the localised rough 
path. 

Corollary 4.21 Suppose 70 > P > 1- Let Z be a geometric p-rough path on a 
Lip— Jo manifold M with starting point x ^ M and to, i(f>,U) as in Theorem 
Then 

1. {(j)^Z) |[o,to] (C) = (f/**^) |[o,to] {v) for any compactly supported Lip-{j - 1) 
one forms which agree on (f> (U) . 

2. The restriction Z\[o,to] is characterised by the push forward {<j)^,Z) \ [o^tn] i^i 
the sense that, for any compactly supported Banach space valued Lip— (7 — 1) 
one form a on M, 

Z\io,to] (a) = |[0,to] (Ca) , 

where is any compactly supported Lip— (7 — 1) one form on R'' which 
agrees with {4'\if^) on (piU) . 

The proofs of these theorems are slightly delicate. They will be carried out 
in the following subsections which we will precede by proving a number of small 
lemmas. 

We emphasise once more that the value of to in Theorem 14.191 (and hence 
also in Theorem l4.20p does not depend on the starting point of the rough path. 
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This observation, which is made possible by the definition we took for a Lips- 
chitz manifold, allows us to decompose any rough path using the rough paths 
obtained by pushing the restricted path forward under appropriate charts. The 
uniformity of to with respect to the starting point is important because it ensures 
that we need only consider restrictions of Z over a finite number of intervals. 
Because the locally pushed forward rough paths are rough paths on a finite 
dimensional normed vector space (the coordinate space is a subset of R'^), they 
may be identified with classical rough paths on this space. By showing that 
these diff'erent pieces have consistent starting and end points we may concate- 
nate the decomposed path to recover the original path. This has a number of 
consequences: it allows us to construct a base path on the manifold underlying 
our rough path; it implies that locally a rough path on Af is no more difficult 
to understand than a classical rough path; and it implies that the support of Z 
is compact. 

We close this section by proving a small lemma which shows that the push- 
forwards of rough paths under compactly supported maps preserve the support. 

Lemma 4.22 Suppose 70 > P > 1- Let Z be a geometric p-rough path on a 
Lip-Jo manifold M. Suppose U is an open, pre-compact subset of M and f is 
a compactly supported map from M to a Lip-jo manifold N satisfying l\34i . 
Moreover suppose that supp(Z) C U , then 

supp{f,Z)Cf{U). 

Proof. As supp(Z) is compact we can find an open set V such that 

supp (Z) CV CV CU. 

To see this note that M is completely metrisable and the continuous function 
d (x) defined by the distance of x to for all x G M is strictly positive on 
U and therefore inf2;gsupp(z) d{x) > 0. Let a be a Lip-7 — 1 one form on N 
that vanishes on f{V). By definition /*Z(a) = Z{f*a) and by construction 
f*a vanishes on V. Therefore, as supp(Z) C U we deduce /,Z(a) — 0. Hence, 
ft,Z (a) misses the open set / (V^ and by definition of the support we have 

supp(/*Z)c/(F) c /([/). ■ 

4.5 Rough paths on manifolds are concatenations of local- 
isable rough paths. 

Suppose that we are given a geometric p— rough path Z on a Lip-70 mani- 
fold M with some starting point x G M, 70 > p > 1 and suppose Z defined 
over the interval [0,T]. We now describe how to construct a finite partition 
D = {si : i = 0,1, ....,N} of [0,T] such that Z is the concatenation of rough 
paths over the intervals [si,Si+i] which are localisable in the sense that they 
may be related to the pushforward (under the coordinate map) of a restric- 
tion of Z. More precisely, we will provide an inductive definition of a sequence 
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{(Z", z", (/)", U^)}n=i whose elements have components consisting of the follow- 
ing: a geometric p— rough on M over the interval [sn-i, s„] ; a starting point 
associated with Z"; and a chart (0", C/" ) such that and the (restriction 
of the) pushforward (0"^) |[s„_i.s„] are related by 

Z" (a) = (0:Z) (38) 

for any (compactly supported) Lip— (7 — 1) one form which agrees with 
{<P"\ii^)* on 0" (f/") . The idea is that the original rough path Z can be 
reconstructed by concatenating this finite sequence; and because the rough paths 
in this sequence have rather straight forward representation using the coordinate 
maps they are not much more difficult to understand than classical rough paths. 
In this way (global) properties of the original rough path can be understood in 
terms of the properties of these localisations. 

To carry out this procedure we first initialise by taking > to be as 



in Theorem KWi N 



and define D = {s^ : k — 0, 1, N} by setting 



Sk = (fc^o) ^ T. We then perform the following steps: 

Base case Define = x, = Z|[o,si] and let (0^, U^^ be any chart (the exis- 
tence of which is guaranteed by Corollarv l4.2ip so that Z^ and {4>lZ) |[o.si] 
are related by ([38)) . 



Induction step Suppose (Z", z", 0", [/") have been constructed for fc = l,....,n. 
If n = then we stop. Otherwise, we define 

z"+i = r\u' (^") + idr)s^_,,s„) 

and note (Z|[,^_r]) l[s„,s„+i] = ^l[s„,s„+i]- We d efine Z"+i to be Z|[,^_,^^^] 
with starting point 2"+^, then CoroUarv 14.211 guarantees the existence of 
a chart (0"+\ C/"+i) such that Z"+i and 

are related by 



Definition 4.23 Let Z be a geometric p— rough path on a Lip-"fQ manifold M 
with starting point x € M, 70 > P > 1 defined over the interval [0,T] . Then 
any sequence {(Z", z", J7")}„^j^ of be a geometric p— rough paths, starting 
points and charts defined according to the above construction relative to some 
partition D of [0,T] is a called a localising sequence for Z. 

Lemma 4.24 Let Z be a geometric p— rough path on a Lip-jQ manifold M with 
starting point x and having a localising sequence {(Z", z", 0", /7")}^^j^ . Then 
for any k — 1, N ~ 1, Z'^ has an end point consistent with z''^^ , the starting 
point of Z'^+^. 
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Proof. Suppose that g : M — > ^ is a compactly supported Lip-7 function in a 
Banach space V. Let fn'.R'^-^Vhe any compactly supported Lip-7 function 
which agrees with go ((/>"||^i) on 0" . Hence, d/„ is a compactly supported 
valued one-form which on (/>'" {U") agrees with 

d{9or\u') = {r\uiyid9) 

and it follows that 

where K has starting point and increments Z (dcj)^) This imphes 

TTiZ" (d5).„,.„,, = /n (^") + ^1^ J - /„ {zn) , (39) 

and because the support of {(jj^Z) \[s,^^s„^i] is contained in the coordinate neigh- 
bourhood we have 

Thus, dSni yields 

g (z") + vriZ" (d5).„,.„,, = [dn o {r\u')] (^") + ^iZ 

■ 

Remark 4.25 Invoking Lemma \4.13\ we can use Lemma \4.24\ to show that we 
can concatenate the elements of any localising sequence {{Z" , , (f)" , U^^)}^^^ 
to generate a new geometric p— rough path on M over [0,T] 

* * .... * Z^ := {...{{Z^ * Z^) * Z^) * ....) * Z^ 

Associativity again guarantees that the order in which the brackets are expanded 
in the concatenation is irrelevant. 

Theorem 4.26 Let Z he a geometric p— rough path on a Lip-jo m,anifold M 
with starting point x. Then there exists a localising sequence {{Z'^, z^,(j)^, U'^)}^^ 
for Z. Moreover, Z equals (up to equivalence) the concatenation of its localisa- 
tions; that is 

Z = Z^ * Z^ Z'^ . (40) 

Proof. The existence of the localising sequence is just the content of the above 
recursive procedure. The fact that the concatenation in pO)) is a geometric 
jj-rough path follows from Lemmas 14.121 and 14.241 To check that the equality 
in (|40|) holds is straight forward from the construction of the sequence; more 
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precisely, if D = {s„ : n = 0, 1, ■■■,N} again denotes the partition underlying 
the sequence then, using the multiplicative property of Z (a) we have for any 
{s,t) in A [0,T] with Sk-i < s < Sk < ■■■ < si < t < si+i and any Lip-(7 — 1) 
one-form: 

Z {a)^^ = Z Z (a),^,,^^^ <E,...<E,Z {a)^^^ 

= {Z («) ® (Z {a) |[.,..,^,]),^ ^^^^ ... {Z (a) 

= {ZUZ^,....,Z^) (a),_,. 

■ 

Corollary 4.27 Let 70 > P > 1. T/ien t/ie support of any geometric p~rough 
path on a Lip-jo manifold is compact. 

Proof. Identifying any localising sequence it is easy to show that 

supp Z = U^^^ supp Z' = U^^^ {cj)'\^}) (supp {cf>:z) . 



4.6 Proof of Theorem [4A9] 

The embedding map constructed in the following lemma is in spirit similar to 
the usual construction of Whitney embedding maps for compact manifolds. 

Lemma 4.28 Let 70,7 be such that 1 < 7 < 70 and suppose ai,...,ai is a 
finite collection of compactly supported Lip{'y — 1) one- forms on a Lipschitz-jo 
manifold M, which take values in some Banach space W . Then, for some n gN 
we can find a compactly supported Lip—^ function g : M ^ M", and a collection 
of W —valued Lip—^-j — 1) one-forms on R", /3i,...,/3/ , such that the pull-back 
of Pi under g coincides with ai, i.e. 

Oil = 5*A fori = 1,....,/. 

Proof. Suppose A = {{<i>i^ Ui) : i E L} is the Lip-70 atlas associated with M. 
Consider | (jji, (f)i^ : « £ /| , where Hi = uf^^ and (pi are Lip-70 maps satisfying 

= (j)i on Ui and vanishing off Ui . Using Lemma 13.171 we can find a Lip-70 
partition of unity {/i : i S /} subordinate to the atlas ^{(Ji,<j)i^ : i G /| with 
the same index set; in particular /, is (compactly) supported in Ui for each i G 7 
and is strictly positive on Ui :— U^' . 

Step 1: We first identify the function g. Before doing so we have to establish 
a target Euclidean space which is large enough to contain enough information 
about each of the I one forms ai , . . . , a/ . To this end let Ji = Jl. } denote 

the set of all indices j E I such that Uj has non-empty intersection with suppa^ ; 
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because suppcti is compact and M is locally finite it is guaranteed that Ji is 
a finite set. Using the partition of unity we may decompose each compactly 
supported one-form ai as the sum 

•■•■>'}• (41) 

On each chart Uj it is rudimentary to represent Q!i (•) as 7j (•) od4>j (•) for some 
7j : Uj ^ L (M.'^, W) which is Lip (7 — 1); in fact, we may identify 7j exphcitly 
as 

7j (m) {v) = ai (m) {(l>J^)^ (v) 

where v is, as usual, identified with v^j^^-^ S T^^m)^'^ — follows that we 

can write ai as 

jeh 

We define the natural number n (which will be the dimension of our target space) 
by taking n := (d + 1) {h + .... + h) and let the functions f : M ^ ^{ki+....+ki) 
and (/) : M ^ K(fci+....+/cO<i be given by 

/ {m) = (/ji (m) , fji^ (m) , fj,^ (m) , fj,^^ (m)) 
(/) (m) = (^(l>ji (m) , (t>ji^ (m) , (m) , ^!>^|^ (m)^ . 
Finally, we can identify the required function g : M — > ]R" by setting 

g (to) = (/ (to) , (j) (m)) G + X ^(ki + ....+k,)d ^ 

Step 2: We now construct the one- forms /3i, /3i . To do this we need 
to introduce for i e / the functions hi ■.R'^^L (M'', W) defined by 

h(^\-f i'yi°'Pi\u-) ix)Xi{x) on0, ([/,) 

'"'^^^"t onR'i\0i(C/O ' ^^^^ 

where Xi € C°° (M'') is constructed so that supp Xi ^ (f^j) and moreover 

1 on (tii^ 
on M<^ \ (J/i) 



Xi (a;) 



It is trivial to see that hi is Lip- (7 — 1). We uniformly bound the (finite subset 
of) partition of unity functions by letting 



C = max max sup 

te{i,...,i} fee{i,....,fei} meM 



< 00 



and thus define the VF— valued Lip-(7 — 1) one-forms 
Pi : [-C,Cf X R(k,+...+ki)d ^ 
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by 

Pi {yi, yi,xi,...., xi) (wi, vi,wi, wi) = ^ yf /iji (xf ) 

fc=i 

where for i — 1, 

y.= [yl....,y1^)e[-C,Ct' 

As usual we can (and do) extend Pi to a Lip-(7 — 1) one-form on M", which we 
persist in calhng Pi. 

Step 3: We verify the conclusion of the theorem. Firstly, the definition of 
the pull-back gives that for any m £ M, u,„ G TmM and all i = 1, Z 

ki 

ig*Pi) (m) (w™) = P^ {g (to)) (g*-;;™) = ^ /^., (to) ft,^^ (^0^^ (to)^ (^0^./) w„ 

fe=i 

(43) 

and because supp fi C C/i we can observe that fi (m) /li {(pi (m)) = /. (to) ji (to) 
for all m G M and i E I. This and (|43|) immediately give that 

ki 

ig*Pi) (to) (vjn) = (ti) 7,. (m) o d0 (to) v„i = (to) (u,„) 

fe=i 

and hence g*/3i = ai for i = 1, L ■ 

The following proposition is a key step in localising the support of the rough 
path to a chart. Its proof builds on the techniques developed in the previous 
lemma. 

Proposition 4.29 Let 1 < P < 7 < 7o o.iT-d suppose that Z is a geometric 
p-rough path on a Lipschitz-^Q manifold AI with starting point z and that a 
and P are two compactly supported Lip-(-f — 1) one-forms on M taking values 
in the same Banach space W . Suppose further that for some open subset of the 
manifold U ^ M we have 

supp P C U and a = P on U 

then Z (a) = implies Z (P) = 0. 

Proof. Let us note immediately that U may be taken, without loss of generality, 
to be precompact. This follows from the compactness of supp P which allows 
us to cover supp P with finitely many precompact basis sets Si,..., Si (this 
always exists for any topological - see Lee [S]); hence, we may replace U with 
the precompact set U-^^t/ fl Si without affecting the hypotheses. We will now 
finesse the proof of the previous theorem somewhat. Recall that we constructed 
a Lip-7 function g : M ^ M", for some n, and a Lip-(7 — 1) one form on 



40 



M" such that a = g*^a- For our current purposes we will need to modify our 
definition of g and also expand the dimension of the target space to capture 
more information about the support of the one-forms. 

Step l:First we detail the modifications needed to the earlier argument. Let 
— {ji, jfc„} be the set of all indices such that supp a has non-empty 
intersection with Ui, and then recall from Lemma 13.161 that we can find a 
collection of real- valued Lip-70 functions on M, {ci : i G /} , such that vanishes 
outside Ui and is identically one on Ui. We define n = (2 -\- d) ka and a Lip- 
(7 — 1) one- form on by 

^ y^/i^"(x^z^") (44) 

X = {x^\...,x^'"') e R'"^", y = {y^\...,y^'"') G R''" , z = {z^\ ....zJ*"-) G R''"; 

where /i" is the coordinate representation of the one form a defined in a similar 
way to namely: 

.a ,^ / (Tf ° r,^) {^) X^ i^) C (^) On 0, [U,) 

onR'^V^.lL/,) ' 

7" : Uj ^ L (K'', PF) is again given by 

and where the additional dependence in the z— variable determined by the 
smooth function C : R — > R which satisfies 



1 on \z\ < I 
on \z\ > I 



Similarly to before we now define three Lip-7 functions (f) : M ^ 
c: M ^ R''" and f : M R''° by 

0(m) (0j,(m),....,(/)j,,^ (to)) 
/(to) = {fj,{m),....,fj^^ (to)) 
c(to) = (1 -Cji(m),....,l -Cj,^ (to)) 

and then we augment the function considered in Theorem 14.281 bv defining q : 
M ^- R" via 

q (to) = {(/> (to) ,f{m),c (m)) . 

It is now easy to see using the same argument as before that q*^a — ct] we 
only need to make sure that the additional dependence given to hj does not 
affect the analysis. But this follows from the observation that if to is in the 
support of fj then, since this implies that to is in Ui (on which Cj is identically 
one), we must have (1 — Cj (to)) = 1 and hence for all to G M 

fj (HC(1 - Cj (to)) = fj (m) . 
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Because supp 13 C supp a the same calculation shows that the one-form on K" 
defined by 

£,p{x,y,z) := ^ y^h'^j {z\x^) 

satisfies q*S^p = /3. 

Step 2: We now claim that for any w ^ q (M) C M" there exists a neighbour- 
hood (w) of w (in R") on which one of the following possibilities holds: either 

vanishes identically or and ^q, are identically equal. With this objective 
in mind we suppose w = q (m) and define C to be the set of all indices 
j in Ja such that m is contained in the chart Uj. Denote the components of 
w = {x,y,z) by 

X = (x^^ , ...,x^''°') , y = (y^^ , ...,y^''°') and ^ = (2;^^, ...,2-"'<») . 

We will divide the analysis into two cases: 

Case A: Suppose j is in J^. At least one of the following must be true: 
either m is in U, the open set in M on which a and agree, or m is in M\supp 
p. In the first situation we may define N (m) to be some neighbourhood of m 
in M such that 

N (m) C Uj n U. 

In the second, we choose N (m) such that /3 = on N (m) , so that N (m) is 
again contained in Uj n U. We then use N (m) to define a neighbourhood of w 
in M" by setting 

Nj {w) = M"^ X ... X {N (to)) X ... X M"^ X M''" x M*^". 

0j (Ar(m)) in position / where j=«i 

It is easy to sec that on Nj (w) we have /i" = /i^ = or /i^ = (or both) 
according to whether m is in [/ or A'/\supp /3 (or both). 

Case B: Suppose that j is in Ja \ Ja- We can decompose our considerations 
further in two sub-cases. If j = jr where r is in {1, fee} then 

Case Bi : x^'' is in R'^ \ (f)j^ {Uj^) . Under this assumption we have that x^'' 
is outside the support of the bump function Xjr ^^'^ thus Xjr must vanish 
on some neighbourhood N {xj^) in W^. It follows that /i"^ = h^^ = on the 
neighbourhood 

Nj^ (w) =R^ X ...xN (xj^) X ... X M"^ X x M*^- 

^ V ' 

^i^jr) irth position 

of W in R™. 

Case Bii: x'''' is in (Uj^) ■ We then have Xj^ = (j)j^ (m) and since jr is 
in \ Ja we know that to is not in the chart Ui^. Thus z^^ = c,^ (m) = 
1 — Cj^ (m) = 1 so that C must vanish on some neighbourhood A'' {zi^) of Zi^ in 
R and /if = /if = on 

iVi^ (w) = R*" X R'^" X R X ... X TV (0ij X ... X R. 

^ V ' 

N{zij.) in vth position 
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Putting everything together we can now define a neighbourhood of w by 

on which we have = or = Ca- 

Step 3: We now prove the desired conclusion. Suppose for a contradiction 
that Z {(3)^ J ^ for some s < t in [0, T] , then we have that 

where Y e Gilp (M" ) has starting point q (z) and increments Z (dq) . We intro- 
duce the time in [s, t] by 

to ~ sup |w > s : Z (j3)^ „ = for ah v E [s, u]| , 

and note from the definition of to and the continuity of the path : [0, T] — > R" 
given by y„ = q (z) + ttiZ {dq)^ ^ that we have 

1. to < t; 

2. Z „ 7^ for some u in (^o, t) which may be taken arbitrarily close to 

3. ytg belongs to the closed set q (C7) C q (Af) . 

Only the third of these needs any justification. To see this, notice that 
Lemma 14.31 and Theorem 14.51 together imply that 

supp Y^{yu:ue [0, T]} C q {M) 

and hence if ytg G q (Af ) \ q (C7) the continuity of y implies that that for some 
time ti > to the path 

{Vu ■■ u e [to,ti]} 

stays inside the set q {M)\q (U) which is open in the relative topology on q (M). 
On the other hand, if x £ q (Af) \ q (U) then it follows from Steps 1 and 2 that 
X is the limit of the sequence (x;)^-^ in q (M) \ q (C7) . Because each xi = q {mi) 
with mi in Af \supp /3, the proof of Step 2 shows that S^p vanishes identically on 
some neighbourhood of xi ; from which it is not difficult to deduce that for all t 
in [io, ^i] we have 

{Y) dY = 

-0 

contradicting the definition of t^. 

Equipped with these facts we can use the conclusion of Step 2 of the proof 
to find a neighbourhood N [yt^ ) of yt^ in R" on which and are identically 
equal; the only alternative would be that must vanish on a neighbourhood 
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which would contradict the definition of to. Moreover, we can find u > to such 
that both Z (/3)j^ ^ is non-zero and such that the base path stays inside this 
neighbourhood {yr ■ r G [to,u]} C N (yt^) . Together, these immediately yield 
the contradiction that 



As a corollary to the preceding proposition we deduce that any two one 
forms that agree on an open neighbourhood containing the support of a rough 
path have the same integral against that path. 

Corollary 4.30 Let 1 < p < 7 < 7o- Suppose that Z is a geometric p-rough 
path on a Lipschitz-"fo manifold M with starting point z and that a and /? are 
two compactly supported Lip-{'-/ — 1) one-forms on AI taking values in the same 
Banach space W . Suppose further that for some open subset of the manifold 
U C M we have 



and also that the support of Z is contained in U, then we have Z [a) = Z (/3) . 

Proof. Once again define q : M ^ M", ^q, and as in pi)) . We will first show 
that 



We notice that if ^ is any compactly supported Lip- (7 — 1) one form on 
with support in the open set N\q (U) then the definition of the pull-back shows 
immediately that q*£, = on U and hence, by continuity, q*^ = on C/ . It 
follows because U is open that 



hence using that Z is supported in U and q is compactly supported (so that q*^ is 
also compactly supported) we have that = Z {q*£,) = {q*Z) (^) . Consequently, 
the support of the pushed forward rough path q^Z is contained in q (U). 

Using the proof of Proposition 14.291 we have that for any y in g ([/) there 
exists a neighbourhood of y in R" on which ^q, = £,13. It follows that all the 
derivatives of £,a and up to order [7J — 1 must agree on q{U) and thus 
by continuity they must also agree on the closure q (U). Because is also a 
classical rough path by Lemma 14.51 we know that supp g*^ is the support of 
the rough path Y having increments Z (dq) and starting point q (z). Using the 
definition of the classical rough integral it is then immediate that 




a = l3 on U 



supp q^,Z C q ([/). 



supp q*£ := {m e M : q*£ {m) ^0} C M\U C M \ U; 
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Remark 4.31 Any Lip-^ one form defined a on an open precompact subset 
U of a Lip-jQ manifold M may be extended to a Lip-j one form on M. In 
particular if {4>,U) is a chart and a is a Lip-j form on U^^'^ (see (0) for the 
definition) we can find an extension a to M such that \\oi\\i^ip_-y < C ||a|liip_-y , 
where C is a constant that only depends on the constants in the Lip-^ atlas but 
is independent of a and U. Corollary \4-30\ demonstrates that if supp{Z) C U the 
integral of the path Z against the one form a is independent of any particular 
extension. Hence we will in the following (slightly abusing notation) sometimes 
consider Z (a) with one forms a only defined on U without making explicit 
reference to the extension of a. Notice that if f is a sufficiently regular map we 
have by Lemma \4-2i^ supp{f,:Z) C f{U) and we may arguing as before consider 
f^fZ (a) for one forms a defined only on f (U) . 



We are finally ready to show that the support of a rough path remains for 
sufficiently small times in a chart. For the convenience of the reader we restate 
the theorem first. 

Theorem 14.191 Let Z be a rough path on a Lip-"f manifold M with starting 
point X controlled by some uj. There exists a strictly positive time to independent 
of X such that 

supp(Z|[o,t„]) C U 

for some chart (cf), U) . 

Proof of Theorem 14.191 Given the starting point x there exists by definition 
of a Lipschitz atlas a chart {4>, U) such that B{(t) (x) , (5) C ([/) — B (0, 1) . Let L 
be the uniform bound for the Lip-constant of the composition of chart functions 
in the definition of a Lip-70 atlas. Note that to show that a point z € M is 
not in supp(Z|[o,to]) it is sufficient to exhibit an open neighbourhood of z that 
misses the path Z|[o,to]- Let z e M be an arbitrary point in the manifold such 
that 

zir^{B{4>{x),5)). (45) 

We will later choose to > in a way that is independent of z and demonstrate 
that an open neighbourhood of z misses Z|[o tjj]. In fact the time to will only 
depend on the Lip-70 atlas. 

There exists a chart (ip, V) such that {z) ,5) Q il> (V) = B (0, 1). Given 
6 > u > and y &V define sets B^[y, u) by 

B.^{y,u)^i^-^{B{'iP{y),u)). 

Let 5' < 8/'6L. We will first demonstrate that 

B^{z,5')n{x} = %. (46) 

Suppose for a contradiction that x S B^{z,S'). Then x G U 11 V and as 
B{ip (z) ,6) C B (0, 1) we have B{-)p {x),S - S') C B (0, 1) and we may con- 
sider the set B^, {x, u) for any Q<u<5~5'.AsxG B^{z^ 5') it is immediate 
from the definition that z G B^ {x,5') . By assumuption we have B{(j){x) ,5) 
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C (j) {U) and as 5 -5' > 5/2 we it follows that {x) , 5/2) C ^ {U). Thus 

we may apply Corollary 13.111 and deduce that (x, C {x, |) for all 
e > 0. Now for sufficiently small e we have 

5-e\ ^ f 5 



z e B^ [x, 5') ^B^[x, — — C B 



X, 



2L J - V 2 

contradicting (j45|) . We deduce that x ^ B^,{z,5') and (|46)l holds. By familiar 
arguments we may find Lipschitz functions gi and g2 on M such that such that 

5i|b^(z,5'/2) = '0lsv.(^,'572) 

and gi vanishes outside B^{z, 5'). Similarly we can find 52 such that 52(2;) — yo 
for some yo ^ B {ip {z) ,5' + l) and 32 vanishes on B^{z, 5' /2) . Note that we 
can choose gi and 172 in a way that the Lipschitz constants depends on the Lip- 
7 atlas (via the constants (5, L) as by definition of a Lip-7 atlas the Lipschitz 
constant of the chart function ip on M is itself bounded by L. Hence, if we let 
g = gi + g2 we may assume 

Lzpig)<Ci5,L,j). 

Recall that gi vanishes off B^{z,5') and B^{z,5') n {a;} = so we deduce 
that g (x) = yo- Let Ft be the classical rough path with starting point g {x) and 
increments Z (dg) . Recall that by definition of Z, the rough path Yt is controlled 
by Lip{g)uj. Thus there exist a strictly positive time to such that the support of 
the rough path Yt with starting point yo = g (x) restricted to [0, to] is contained 
in a ball of radius one centred at yo- 

Let a be any Lip-(7 — 1) one form on M that vanishes outside B^{z,d' /2)- 
Then there exists a Lip- (7 — 1) one form (3 on such that /3 vanishes out- 
side B{ip{z),6') and restricted to B^(z,5' /2) we have a = g*/3 (consider 

^(sIb (-4'/2)) ^ extend suitably using Whitney extension on R"^ ). 

By definition of Z 

Z{g*p) = I m)dYt- 



As by construction g (x) = yo ^ B {ip (z) ,5' + 1) and /? vanishes outside B {ip (z) , 5' 
it follows that /3 vanishes on B{yo, 1) ^supp(yf |[o.fo]) . We deduce that 

W/3)l[o,tol =0. 

Now a has support contained inside the open set B^{z, 5' /2) and in addition by 
construction a and g*P agree on B^{z,d' /2). Thus we may apply Proposition 
1121 with U = B^{z,d'/2) and deduce that Z(a)|[o,to] = for any Lip-(7 - 1) 
one form a on M that vanishes outside B^{z^5' /2)- We have shown that for 
any z ^ B^(x^ (5) C [/ an open neighbourhood misses the path Zjp and hence 
conclude z ^supp(Z|[o,tp]) as required. ■ 
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4.7 Proof of Theorem 14.201 and Corollary 14.211 

Before we begin the proof of Theorem we obtain an elementary lemma. The 
claim of the lemma, namely that if two sets miss the rough path their union 
does so as well, is intuitively obvious; but the non-linearity of the rough path 
functional requires us to give a rigorous proof. 

Lemma 4.32 Let 1 < p < 70 and suppose that Z is a geometric p-rough path 
on a Lipschitz-jQ manifold M with starting point z. Suppose U and V are two 
open sets in M such that Z misses U and V then Z also misses the union UUV. 

Proof. Suppose that Z does not miss UUV. Then, for some (Banach space 
valued) Lip— (7 — 1) one form a which is compactly supported in U U V and 
some s < t in [0, T] we have Z (a)^ t 7^ 0. As in the proof of Proposition 14.291 
define 

to sup |u > s : Z (a)^ ^ ~ for all v G [s, w]| 

so that Z {q:)^^ m 7^ for some u in (tg, t) which may be taken arbitrarily close to 
tg. Furthermore, we use the construction of that theorem to represent a — q*£,a 
so that 

Z{a) = JCcAY)dY. 

The definition of to implies that does not vanish identically on any neigh- 
bourhood of ytg = q{z) + Z{dq)f^^^ in K". We know that Y is supported in 

q (M), so that ytg is in q (M) but in fact we must have 

Vto e Q (supp a) Cq (U) . 
To see this suppose to the contrary, then yt^ must belong to the set 

q (M) \ q (supp a) 

which is open in the relative topology on q (M) (supp a is compact) and the 
continuity of y gives that for some ti > to 

{yt-te [to, ti]} C q (M) \ q (supp a) . 

On the other hand, any y in q (M) \ q (supp a) can be written as the limit 
of some sequence {yi)'^i where yi — q{mi) with mi in A/\supp a. It follows 
from the proof of Proposition l4. 291 that ^q, vanishes on a neighbourhood of each 
element of the sequence yi, which is enough to conclude that 

t 

{Y) dY ^0 for every t in [to, ti] 



violating the definition of tp. 

Now suppose ytg — q{m) for some m in the support oi a {C U U V) and 
without loss of generality assume that m is in U. As in Proposition 14.291 let Ja 
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denote the set of indices j such that the support of a has non-empty intersection 
with the chart Uj and let C denote the set of indices j such that m is in 
Uj. Let Ni (rn) and N2 (m) be two neighbourhoods of m in M such that 

^1 (m) C N2 (m) C pl^.^^ Uj n U 

and let /? be any Lip— (7 — 1) one form which coincides with a on A^i (m) and 
vanishes on M\N2 (m). Define as in (HU, then using the proof of Proposition 
I4.29l we may construct a neighbourhood of j/t^ in R" on which and coincide. 
Hence it follows that for t > to sufficiently close to 

Z i = /* ^ (Y) dY = /* (Y) dY = Z , . 

But we have established that the left hand side can be made non-zero for t 
arbitrarily close to t^] since /? is supported in U and by hypothesis Z misses C/, 
the contradiction has thus been rendered manifest. ■ 
We restate Theorem 14.201 before we begin its proof. 

Theorem 14.201 Suppose 70 > P > 1 and let Z be a geometric p-rough path 
on a Lip—^o manifold M with starting point x 6 M. Then for some strictly 
positive time, which does not depend on x, and some chart {(f>, U) we have 
that the support of the pushforward of Z under (j) is contained in the coordinate 
neighbourhood (j){U), i.e. 

supp (0,Z) |[o^fo] C . 

Moreover, we can recover the support of Z restricted to [0,to] as the preimage 
under cj) of the support of the pushed forward rough path; that is, we have 

supp Z|[o,to] = {(f>\uy^ (supp (0,Z) |[o,fo]) . 

Proof of Theorem 14.201 Proposition 14. 191 gives a strictly positive time to so 
that supp(Z|[Q C U for some chart (0, U) . From the properties of a Lipschitz- 
7 atlas we know that the coordinate neighbourhood {U) is precompact and 
because (j)\u is a homeomorphism it follows that the closed subset 

(^(supp {Z\[o,to])) ^4>{U) 

is compact. Hence we may find an open set V C M'' with the property that 

0(supp (Z|[o,to])) C1/CFC0([/). 

Let ^ be a Lip- (7 — 1) one form which is compactly supported in the open set 
U.'^ \ V. The chart functions are compactly supported so the pull-back (j)*^ will 
be too; moreover 0*^ (m) — for any m in the closed set (V) from which 
we can deduce that 

supp </>*^ CM\0|^i {V)=M\cj,\^' {V) C M\0|^i {V) C M\supp {Z\[om) 
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and hence = •Z'|[o,fo] — {4>*Z) \[o,to] (C) • It follows at once that 

supp (0*Z)|[o,tol ^VC^{U). 

Let K be the compact subset of M defined by 

K = i^lu)-^ {supp (0,Z) |[o,t„]) C [/, 

we will show that K is the support of the restricted rough path Z|[o tjj]. To 
achieve this we first show that 

suppZ|[o,t„] Cif (47) 

and then we will finish by exhibiting the reverse inclusion. To start we observe 
that supp(Z|[o,to]) C by definition implies that the open set M \ U misses 
the support of Z|[o ^^j. Consequently, if we can show that U\K also misses the 
support then, by Lemma 14.321 the union 

{M\U) LIU\K = M\K 

does too and (j47p will have been proven. Therefore, we consider a Lip{-^ — 1) 
one form a (compactly) supported in U\K and aim to show that 2^|[o.to] (a) = 0. 
This is achieved by defining a Lip (7 — 1) one form on R'^ by 



^i)*a on </)(;/) 
onW^\(j){U) 



whilst noting that the support of this one form satisfies 

supp Ca C ([/) \ {K) C R'^ \ supp (0,Z) |[o,t„] (48) 
and its pull-back under behaves so that 

4>*C,a = ck on U. 

Then since supp(Z I [o,to]) ^ U an application of Lemma l4.30l shows that Z|[n (0*Cq) 
Zip, to] (o^) and hence by pSj) 

Z\[QM [a] = 2'|[o,to] (0*Ca) = (0*2') |[o,to] (Ca) = 0. 

It follows that U \ K misses the support of Z|[o,tn]. 

To conclude we need to show that supp(Z|[o.fQ]) 3 K, which we will prove 
by contradiction. Therefore, suppose that m is in supp(Z|[o,tn]) n (C/ \ K) , let 
A'^ be a neighbourhood of m in M which is contained m.U\K and suppose /3 is 
a Lip (7 — 1) one form supported in N such that Z {j3) is non-zero. Define xp ^ 
Lip (7 — 1) one form on R*^ by 

v« = / on0({7) 

\ onW^\(t){U) 
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and observe that Xi3 is supported in ]R'^\supp {4>,.Z) |[o.to]- Thus we must have 
that [4>*Z) |[o.to] (X/?) = 0, but on the other hand 4>*xi} = /3 on J7 hence Lemma 
14.301 imphes the contradiction 

■ 

Finally we restate and prove Corollary 14. 211 

Corollary 14.211 Suppose 70 > P > 1 and let Z he a geometric p-rough path 
on a Lip—"/o manifold M with starting point x G M. Then for some strictly 
positive time to, which does not depend on x, and some chart {(f), U) we have 

1- {(t^*Z) |[o,to] (C) = (0*^) l[o,to] (^) Jo'T compactly supported Lip-{j - 1) 
one forms which agree on (j) (U) . 

2. The restriction ^|[o,to] '■^ characterised by the push forward |[o.to] in 

the sense that, for any compactly supported Banach space valued Lip— (7 — 1) 
one form a on M, 

Z\io,to] (a) = {<I}*Z) |[0,to] (Ca) , 

where is any compactly supported Lip— (7 — 1) one form on which 
agrees with {(f>\^^) ct on (j)(U). 

Proof of Corollary 14.211 Let to be as provided by Theorem 14.201 Then we 
have that supp((/)*Z) \[o^to] contained in (j^iU) and the first conclusion of the 
present result follows immediately from Lemma 14.301 For the second part we 
note that Theorem 14.201 also gives that the support of Z is contained in the 
chart U ; that is 

suppZ|[o,fo] C U. 

If ^Q. is any (Banach space valued, compactly supported) Lip— (7 — 1) one form 
on which agrees with (^IjJ}^)* a on {U) then it is trivial to check that 

on U . And Lemma [4.301 then implies that 

Z\[o,to] (a) = ^l[o,to] = ('Z'*^) l[o,to] (Co) ■ 



5 Rough differential equations on a manifold 

Let N and M be Lip-70 manifolds of dimension c?i and d2 respectively and 
E = M X N. We may interpret E as the trivial fibre bundle with bundle map 
TT : E ^ N, where tt is the projection onto N. In the following we will think of 
the signal Xt as living in the manifold N and the response Yt in the manifold 
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M . For all a; e TV let g (a;, •) be a linear map from T^N to r (M), the space of 
vector fields on M. The map g together with a rough signal X on M and an 
initial condition yo G N gives rise to a differential equation 

dY,=g{Xt,Yt)dXt. (49) 

Analogous to the classical theory of rough differential equation on Banach 
spaces the solution of such a rough differential equation is a rough path on the 
product of the two manifolds on which signal and response live. Before we move 
on to give a formal definition of the solution of an RDE on a manifold in terms 
of a fixed point, we briefly demonstrate how the map g induces a general form 
of a connection on E that allows us to lift the signal from N to E and encodes 
the RDE. 

5.1 Geometric interpretation of the lift as an Ehresmann 
connection 

Defining a controlled differential equation on the product of two manifolds re- 
quires us to find the right lift of the signal from to the product. For all 
xeN,y G M define a linear map Tf^^^y^ : T^N Ti^x,v)E = T^N TyM by 

^(x,y){v) = (v,g{x,y){v)) (50) 

for all V e T^N. For any y € M the map F lifts tangent vectors v G T^N 
to tangent vectors in Ti^^ y-^E and will play a crucial role in our definition of a 
rough differential equation on a manifold. Wc can show that the map T may be 
interpreted as a connection in the following sense. 

Definition 5.1 Given a manifold E a Lip-j connection is a choice of sub spaces 
ofT^E for all x € E. We require that all subspaces are of equal dimension 
and the mapping x — > is Lip-'y. By this we mean that for any smooth vector 
field V on E the vector field defined by projecting V{x) onto for all x G E 

are Lip-"/. 

The family of subspaces 

= Im(r^), zGE 

is a Lip-7 connection and we will in the following refer to F as the connection 
map. Note that by construction using the linearity of g {x, •) the H(^x,y) are linear 
subspaces of dimension equal to the dimension of N and 
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5.2 Formal definition of the RDE solution via the connec- 
tion 

We now come to the formal definition of a solution to a rough differential equa- 
tion 

dYt^g{Xt,Yt)dXt (51) 

on a manifold. We use the connection map F to define the solution as a fixed 
point of an integral. 

Definition 5.2 Let X he a geometric p— rough path on a Lip-jQ manifold N 
with starting point xq and for all x £ N let g {x, •) be a linear map from T^N 
into the space of vector fields on a Lip-jQ manifold M. We say a geometric 
p— rough path Z on the manifold E ^ N x M with starting point zq is a solution 
to I151\) with initial condition i/q if 

1. Zq = (xQ,yQ); 

2. Tr^:Z ^ X; 

3. for every compactly supported Lip-7 — 1 one- form a on E taking values 
in a Banach space, is Lip-(7 — 1) and we have 

Z{a)^Z (a^) , (52) 

where is the one form on E defined by 

a^(t;^) = a^oT^o (7r*)(w^) 

for aU z eE,v^e T^E. 

As usual we first verify the consistency of our definition with the classical 
one if the manifolds are finite dimensional normed vector spaces. 

Lemma 5.3 Suppose that V is a Banach space and f > L{V,V), g : V ^ 
L (y, W) are two Lip-^-f — 1) one forms and Z G Gilp (V) is a solution to the 
RDE 

Z = J f{Z)dZ. 

Then we have 

j 9 (Zu) dZu = j {gf^ (Zu) dZu, 

where gf:V^L (V, W) is the Lip- (7 — 1) one form defined by gf (vi) (^2) = 
9 {vi) if (vi) V2) . 

Proof. Since Z S Gflp {V) we can find a sequence z (n) : [0,T] V of paths 
with bounded variation such that if Z (n) = S\j,^ {z (n)) we have, in the rough 
path p- variation metric, 

lim Z (n) = Z. 
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Then, by the continuity of the map Z \ — > J f (Z) dZ under this metric we have 
that 



hm / /(Z(n))d(Z(n)) = / .f{Z)dZ. 

n^oc J J 

Let y [n) = J f (z (n)) dz (n) , then we have that 

Y (n) := 5lpJ {y (n)) ^ [ f {Z (n)) d {Z (n)) . 



By defining f : V ^ L {V,V (B V) 
and 

y (n) J f{Z (n)) dZ (n) eGilpiV^V) (53) 

we can use the same arguments as before to see that Y (n) = 5[pj (y (n)) where 
y (n) = {y (n) , z (n)) G ^©F. Moreover it is easy to see from (|5^ and continuity 
of the rough integral that Y (n) ^ Y e GQ,p{V®V) where ttiF — Z and 
TT2Y = Z (taking the obvious projections of Gilp {Vi © V2) onto Gilp (Vi) and 

Gnp (F2)). 

Hence, since Y (n) Z and Z (n) Z we have that 



g {Zu) dZu = hm g {Yu (n)) dYu (n) 

= lim ^LpJ I / g{yu{n))dyu{n) 
= lim S'lpJ ( I 9{yu{n)) f {zu{n))dzu{n)\ 

= iij^ "^lpj (y" ('^)) ('^)^ 

= hm \ hiY (n)) (n) 

n— ^00 J 

= y ^ (54) 

where h : V (B V L{V ®V,W) is the Lip-(7 — 1) one-form defined by 
h (x, y) {vi, V2) = g (x) (/ (y) (^2)) with the auxihary terms 

-.VOV ^ l(^{V(B Vf ,L{V(BV, VF)) , j = 1, [7J - 1 

given by 

ix,y) «> - ® (t'i«2)) (55) 

= £ 5'' (^) (vi 8) ... ® vC) p-'' (y) (ws"^' ... ® vC) . 

fc=0 
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By definition / h {Y) dY is the unique p-rough path associated with the almost 
p— rough path 

LpJ 

ki,...,k„ = l 7reOS(fci,....,fc„) 

using ([55]) and the fact that ttiY — Z and tt2Y ~ Z it is easy to see that 
this coincides with an almost p— rough path associated with J (gf) (Z) dZ. The 
result follows from the relation ([5^ . ■ 

Proposition 5.4 Let V and W be finite dimensional normed vector spaces and 
suppose that f : V (B W L (V, W) is a Lip—^ one form for j > p. Let X be 
a geometric p-rough path on V and Y the geometric p~ rough path obtained by 
solving the RDE 

dYt = / (Xt, Yt) dXt, Y (0) = Yo, X (0) = Xq. (56) 

That IS to say Z = {X,Y) G Gnp{V(BW) is such that Z (0) = {Xo,Yo) , 
TTvZ = X and 

''j{Z)dZ, (57) 

where f {vi,wi) {v2,W2) = {v2, f {viWi)v2) is a Lip-j one form on V (BW . For 
every v ^ V (B W let g (v, •) be the linear map from T^^^i^y)V ^ V to the space 
of Lip-'j vector fields on W obtained from f via g (w, ■) : v i — > f (•) v and let T 
denote the connection obtained from g as in (|50p . Then, for any Banach space 
E and any Lip—j one form a : V (B W ^ L {V (B W, E) we have that 

J a{Z)dZ ^ J (Z) dZ. (58) 

Conversely, if 158\) holds for any such one form then Z is a solution to the 
classical RDE i56\} in the sense described. 



Proof. We first observe that because of the identification TyV = V the con- 
nection r has a simplified form, in fact for all vi,V2 G V and wi,W2 ^ W we 
have _ 

^{vi,wi) {V2) = {V2, f {Wl)v2) = f {vi,Wi) {v2,W2) ■ 

Suppose ((58)) is verified then we can show that we have a classical RDE solution 
by taking E = V (B W and defining a {vi,wi) {v2jW2) = iv2iW2), the identity 
one form. A simple computation then gives that J a (Z) dZ = Z , hence since 
= f (|57p is verified and TTyZ — X. 

To prove the statement in the other direction we suppose that Z is a solution 
to the RDE (HH), then for any Lip-7 one form a : V ® W ^ L {V ® W, E) we 
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have that 

{vi,Wi) {V2,W2) = a(vi,Wi) or(„j^^j) O (tTv)^ {v2,W2) 

= a(vi,wi) or(„^^^^) (ua) 

= a{vi,Wi) f {vi,Wi) {V2,W2) 
= ^a/j {V2,W2) ■ 

Using Lemma 15.31 with V ®W ior V and E for W we then have that 
J (Z) dZ = J aJ{Z) dZ = j a (Z) dZ. 

■ 

Note that in the preceding proposition the one form / had a dependence 
on the position of the signal X. The usual existence theorems for the solution 
of rough differential equations (see e.g. Theorem I2.23P assume that f : V 
L {V, W) , i.e. there is no dependence on the position of the signal X in the 
definition of the one form /. In the following lemma we consider an augmented 
RDE that incorporates the signal dependence. This allows us to use the classical 
RDE theory to derive the existence of solutions in the sense of ([57| . Once this 
is achieved Proposition 15 .41 immediatelv gives the existence of solutions of rough 
differential equations in the manifold sense, i.e. satisfying the fixed point (|58|) . 
In short, if the manifold is a finite dimensional normed vector space sufficiently 
regular rough differential equations have a rough path solution. 

Lemma 5.5 Let I < p < j, V and W be Banach spaces and f : V ® W —i' 
L (y, W) be a Lip-j one form. If X is a classical p -rough path on V the rough 
differential equation 

dYt = f iXt,Yt) dXu Y (0) = Fo, X (0) = Xq. (59) 

has a solution in the sense of ( |57| ) . 

Proof. Consider the classical rough differential equation 

dYt = / (ft) dXt, % = (Xo, Fo) , (60) 

where / : V®W L{V,V ®W) is defined by / (ui, wi) (V2) = {v2,f{vi,wi) {V2)) ■ 
From Theorem l^^ equation (ISU]) has a unique solution Z in Gflp {V ® W ® V) . 
We need to demonstrate that 

Z := nvewZ e Gflp {V W) 

satisfies ([57|l . iryZ = X and Z (0) = {Xq,Yq). To achieve this we first note in 
passing that the canonical projection map 
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is continuous (in fact d^®^ {ttv(swXi,ttv(bwX2) < d^®^®^ {Xi,X2)). 

We now suppose that {xn,yn^Xn) is a sequence of bounded variation paths 
mV ®W ®V whose hft Syp\ yn.Xn)) converges to the solution Z of (|60]l 
in dp ®^®^. Using the continuity of i^v®w we have 

'5'lpJ {{xmVn)) = T^vmwSypi ((a;„, y„, i„)) — > -nvmwZ = Z 

in dj®^. Thus, using the continuity of both nv^w and the rough integral 
together we have that 



f{Z)dZ^ lim f {Slp^{{Xn,yn)))dSlp^{{Xn,yn)) 
= lim 5'lpJ / f {xn,yn) d{xn,yn) 



= Jiim^S'LpJ (^^n, J f {Xn,yn, )dXn^ 

= lim TTVBW S\pl \ Xn, / f {Xn,yn,) dXn.Xn 
n— J-oo ^ \ J 

= lim nv(BW / f (S[p\ ((a;„, S„))) dS'ipj ((a;„, y„, i„)) 
= T^v®w J f dZ 

= Z. 



We finish by noting the trivial fact that 2' (0) ~ (Xq^Y^ and remarking that 
-KyZ = nyTTviswZ — X can again be verified by taking an approximating 
sequence and using continuity of the projections. ■ 

Let U C N, V C M be open, : U ^ R'^' and 6 : ^ ^ R''' be Lip-7 
diffeomorphisms onto open subsets of R"*^ , M'*^ respectively and 

Let TTf denote the natural projection from ^i(t7) x ^2(1^) onto £,i{U). Note that 
for the we have a commutation relation between the maps ^ and the projections 
given by 

TT^ o ^ ~ o t: 

Definition 5.6 Let ^ be as in the previous paragraph. We define the pushfor- 
ward 0/ a connection map T on ^ {U x V) by letting 



for z G U X V and Vz G T^(^z)N. 



(61) 



56 



Since ^ and are both invertible Lip-7 maps and (^1)^ (x) : T^j-ZV — >■ 
T^j(a;)M'^^ is a linear isomorphism for each x E U this gives a well defined map 

(e*r)(y, .) : r,,(.y)K'^i ^ T, (R-^^ x R'^^) 

for ah ye^iUxV). 

In the following we will take the map ^ to be a chart map (0, -0) on the 
product manifold N x M, where (0, [/) , V) are two charts on N and M 
respectively. The following proposition demonstrates how we (provided the path 
is supported inside the chart set) can use the pushforward of the connection to 
construct a fixed point on ^{U xV) C M.'^^ x R'^^ that is equivalent to ([52)1 , the 
fixed point which characterises the solution of a RDE on a manifold. 

Proposition 5.7 Let {ip, U) , {ip, V) be two charts on N and M respectively. 
Let Z he a rough path on E with supp{Z) (Z U x V and ^ = For any 

7 > 1 and all one forms a defined on U xV : 

1. a Lip-j implies Lip-j if and only if for all one forms (3 on (U x V) 
the one form /3 Lip-j implies /3 o (^*r) o (tt^)^ Lip-j. 

2. The rough path Z has a fixed point 

Z{a) = Z{a^) (62) 

for all Lip-j one forms a on U x V if and only if 

e.Z(/3)-C*Z(/3o(e.r)o(7r^)J (63) 

for all Lip-"f one forms /?, /3 o (^*r) o (tt^)^ defined on {U x V) . 

Proof. First note that if a one form C is Lip-7 on Ux V then by definition 
(C^^) C is Lip-7 on U X V. Conversely if C is a Lip-7 one form £^{U x V) the 
pull back is by Lemma [3.151 Lip- -7 on J7x V. By definition 

e.z(/3) = z(r/?). 

We first show that 

eW ° (^*r) o {7r^)J{z,v,) - r/? ° r o TT^iz, V,) = iC^f (64) 
for all z £ E, Vz e T^E. We have 

C{I3 o (^*r) o (^5) j(z, V,) = (/? o (e.r) o (tt^) J(e(z),e*^^.) 
= W ° (e*r)] (e (z) , {7r^).^,v,) = [/? o (e,r)] (e (z) , ^^TT^v,) 



= Pi^{z),£,* [n*V:,,g{z)TT^v^]) = Cl3{z, {{n*v^,g{z)TT^V:,j) 
= CP o r o 7r*(z,Wz). 



(65) 
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Let a be a Lip-7 one form onU xV and setting /? = ^)* a in ([M)) we see 
that 

^(/?o(e.^)o(7^^)J(z,^;,) = a^^ 

Therefore we therefore deduce the reverse direction of the proposition, namely 
that if P Lip-7 on ^ ([/ X V) impUes /3o{'C*r)o(7rj)^ Lip-7 it follows that a Lip-7 
U X V implies Lip-7 and the fixed point (|63)) implies ([62]) . To deduce the 
forward direction note that ^ is invertible onUxV and therefore (^~^)^ = F 
on U X V and that (^^^)^ £.*Z = Z (use that support of Z is contained inside 
the chart and argue as in Remark 14.311 to see this). ■ 

We are finally ready to prove the existence of solutions to rough differential 
equations in the manifold sense. As usual we assume g to have Lip-7 regularity. 

Definition 5.8 For allx (z N let g (x, •) be a linear map from T^N to t (M), the 
space of vector fields on M. We say the map g is Lip-j with Lipschitz constant 
C if there exists C > such that for any charts (0, U) on N and (ip^ ^) on M 
respectively the function g^^^ ■.{(/), tp) {U x V) ^ L (M'^i,M*^) defined by 

g^,^{z, v) = V* \a ((0, ^Y^ (^)) {rYy)\ , z e (0 , ^) ([/ X y) , e M'^i 

is Lip-^ with Lipschitz constant at most C . 

To prove existence of a solution Z to a rough differential equation on a 
manifold we will - all technicalities aside - proceed in four simple steps. We 
first push the equation forward onto a chart and identify the pushed forward 
equation and noise with the analogous classical rough differential equation. We 
deduce using the theory of classical rough differential equations the existence of 
a solution Z to this equation for some (uniform) time interval [0, t^] . The time 
to is chosen such that the solution remains inside the image of the chart on the 
product manifold E and is independent of the starting point of the equation. 
We identify the classical rough path Z with a rough path in the manifold sense, 
demonstrate it satisfies a fixed point identity and eventually pull it back onto 
the manifold to obtain a solution to ((5T|) over the time interval [0,io] ■ Finally, 
repeating the process finitely many times and concatenating the solutions over 
the subintervals we obtain a solution over [0, T] . In the proof of the following 
theorem we will arguing as in Remark 14.311 frequently (and slightly abusing 
notation) consider the push forwards of rough paths under maps that are only 
defined on open subsets containing the support of the path. 

Theorem 5.9 Let 1 < p < 7 < 70, and N are Lip-jo manifolds and X 
a geometric p -rough path on N with starting point xq- For each x ^ N let 
g {x, ■) he a linear map from T^N to t (M) and suppose that g is Lip-j. Then 
the equation 

dYt = g [Xu Yt) dXt, Yo = yo (66) 
has a solution in the sense of Definition 1 5Sl 
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Proof. By definition of a Lip-7 atlas given (xo,2/o) £ N x M there is a chart 
((</), ^),UxV^ such that B ((0, i;) {xo,yo) , 5) C (0, V^)(C/ x f). Let ^ = (0, V'), 

U = C/*/2 and ^ = V^/"^ (recall © for the definition of these sets). We will prove 
the existence of a solution to the RDE up to some to > that only depends on 
ll5llLip-7' P' ^' ^ ^'^'^ the control of the signal w. In particular tg is going to be 
independent of the starting point (xq, j/o) ■ For z G {(t),^p){U x V), v G M'*^ let 
h{z,v) — ip*g{£,~^{z), ip^^v). Then /i is by assumption Lip-7 with constant C 
on {(f>, ip){U X V) and taking values in the vector fields. Arguing as in Remark 
I4.31l we may extend h to a Lip-7 form on x W^^ with Lipschitz constant 
depending only on C and the Lip-70 atlas of x M. Let X denote the classical 
rough path corresponding to (j)^X obtained by Lemma 14.51 By Lemma 15.51 there 
exists a classical (based) rough path Z on R'*^ x R'^^ solving 

dZt ^ h [z, X^ dXt 

with initial conditions {(t>,^p) (xqjI/q), i.e. if is the one form defined by 
h{vi,W2) {v2,W2) = {v2,h{vi,wi)v2) ; V1V2 £ M.'^^;wi,W2 e R"^^ 
the path Z satisfies Z (0) — {xq, j/q) , tt^Z — X and 

Z = Jh(z^ dZ. (67) 

Note that by the universal limit theorem (Theorem I2.23P for classical rough 
paths, there exists a time depending on 6, the control of the signal and h , 

Lip 

but independent of the starting point {xo,yo) such that supp(Z) C 



B{{(j>,^p) {xo,yo) ,6) C ((/),^)([/ X V). We may readily identify h a,s h — ^^T 
(where F is the connection map corresponding to g and was defined in (|6ip ). 
We deduce by Proposition 15.41 that if /? is a Lip-7 o^.^ form on {(j>,tp)(U x V), 
P o (^*r) o (ttj)^ is Lip-7 and 



/3(^)dz- / /?o(e,r)o(^5)^(z) 



Z]dZ. 



Setting Zo — (^, ■0)(a;o, j/o) and letting Z{a) = J adZ we obtain a rough path 
in the manifold sense over the interval [0, to] with 

supp (z) C (0, !/')([/ X V). (68) 

From the properties of Z it is clear that Z satisfies 

(^5), Z ^ cj^^X (69) 

and _ _ 

Z{p) = Z{(3o (e.F) o (^5) J (70) 
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for any Lip-7 one form (3 on {4i,'ip){U x V) . ks Z satisfies and (1701) we 
may apply Proposition 15 . 71 and we get that Z ~ (^^^), Z satisfies 

Z{a) = Z{a^) 

for any Lip-7 form a. It follows from (|69)) that tt, (C^^)^ Z X (recall that 
TT denotes the projection from E onto A^) and we deduce that Z solves the rough 
differential equation over the time interval [0,to] . Finally, by Lemma [4.241 
the path Z has an endpoint. Hence, we may repeat the entire process from time 
to finitely many times on different charts. We then concatenate the solution 
paths over the subintervals and thus obtain a solution over the full time interval 
[0,T]. ■ 

6 Perspectives 

The development of RDEs presented here allows us to study stochastic processes 
on manifolds interpreted as rough paths in the sense described. The authors 
would like to finish this article by drawing attention to certain deficiencies and 
loose ends in our development. Firstly, our definition of rough paths is too 
focused on the finite dimensional case. Whilst this covers a satisfactory number 
of examples, it would nevertheless be interesting to re- work things so that one- 
forms and Lip-7 functions are defined on closed sets (a la Stein) rather than 
open sets; such an analysis will probably be most accurately formulated using 
the language of jets. Finally, our proof that a rough path on M is parametrised 
by a compact interval and had compact trace is annoyingly complex; much 
effort could be conserved by building in the assumption of the compactness of 
the support to definition of a rough path on M. 
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